
Phys 508: HOMEWORK ASSIGNMENT No (4)
Tuesday 8th March, 2016

DUE DATE: Monday Mar 21st 2016
Assignments handed in late will not receive a full mark.

QUESTION (1): FLUCTUATION EXPANSIONS for SCALAR FIELDS
Here we look at the fluctuation expansions about the semiclassical limit for various

kinds of scalar field theory.

1.A: SINE-GORDON MODEL We start in 1 + 1 dimensions. The standard
Sine-Gordon model has the action

S =

∫
dtdx

(
1

2

[
(∂tθ)

2 − c2o(∂xθ)
2
]
+ ω2

o(cos θ − 1)

)
(1)

for the field θ(x, t) in 1+1 dimensions.

(i) Derive the 1-soliton solutions ψ±(x, t) for this model.

(ii) Now write the field θ(x, t) around one of these solutions as θ+(x, t) = ψ+(x)+φ(x, t),
where φ(x, t) is a small deviation around the soliton, and where for simplicity we choose a
static soliton solution at the origin. From this derive an equation of motion for φ(x, t) up
to 2nd order in φ(x, t) (ie., one order beyond the simple linearized theory). Then write the
effective action for the φ-field which corresponds to this equation of motion; and show the
bare vertices that exist in this theory, along with the values to be attached to each of them.

1.B: LOOPS and ϕ6 THEORY Now let us go to 3 + 1 dimensions. Consider the
theory of a real massive relativistic scalar field ϕ(x) containing interactions of 6-th order
only in the field, so that the action is

S =

∫
d4x

[
1

2
(∂µϕ∂µϕ−m2ϕ2) − g6

6!
ϕ6

]
(2)

and we have a “ϕ6-theory”. We are going to look at the loop expansion for this theory.

(i) Make a table, analogous to that in the notes, showing all graphs up to ∼ O(g2) for
the 6-point, 8-point, and 10-point vertices in the theory; give the expressions for each one as
integrals over Feynman propagators, and specify the order in ~ and the number of loops L.

(ii) Now find the equation of motion for the classical solution Φo(x) of this field theory
(ie., the solution when ~ = 0). Then, writing the full solution as ϕ(x) = Φo(x) + ψ(x),
find the action in terms of Φo(x) and this “quantum fluctuation field” ψ(x), and derive an
expression for both the classical action and the shift in this action caused by the quantum
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fluctuations. Show the graphs for the various vertices in this theory, and by integrating over
the fluctuations, evaluate the lowest correction to the classical action from these fluctuations.

QUESTION (2): GAUGE INTERACTIONS
Here we shall look at the way in which gauge invariance influences interactions in

coupled fermion-gauge field theories - we shall look at both spin-1 and spin-2 fields, in 3 + 1
dimensions.

2.A: SPIN-1 GAUGE FIELDS In ordinary QED, the field strength is defined in
terms of the vector potential by Fµν(x) = ∂µAν(x)− ∂νAµ(x); and Fµν(x) is invariant under
the gauge transformation Aµ(x) → Aµ(x) + ∂µθ(x). Now consider a theory with massive
photons, so that the free photons have action

S[A] =
1

2

∫
d4x Aµ(x) [(∂

2 +m2)ηµν − ∂µ∂ν ] Aν(x) (3)

with photon mass m.

(i) Show that this action is not gauge invariant. Then derive the expression for the free
generating functional Zo[J

µ] defined by a coupling Aµ(x) to an external source Jµ(x), via an
interaction

∫
Aµ(x)J

µ(x), and give the form for the free propagator Do
µν(q) for the photon.

(ii) By Fourier transforming Do
µν(q) in the static limit (where the photon frequency

qo → 0), find the new form of the Coulomb interaction between particles coupling to Aµ(x)
via an interaction via a gauge interaction

∫
eAµ(x)j

µ(x), where jµ(x) represents an electronic
fermion current.

2.B: SPIN-2 GAUGE FIELDS Now let us consider the equation of motion for a
spin-2 bosonic field hµν(x), a symmetric tensor field, which can be shown to take the form

∂2hµν(x)− ∂α∂ν h̄µα(x)− ∂α∂µh̄να(x) = −2λT̄µν(x)

where Tµν(x) is the energy-momentum tensor, and the bar symbol over a tensor quantity tµν
denotes t̄µν = tµν − 1

2
tηµν , where t = tαα, ie., we use the summation convention. This field

describes gravitons, or bosonic excitations in certain solids.

(i) Show that if we make the gauge transformation hµν(x) → hµν(x) + [∂µχν(x) +
(∂νχµ(x)], then the equation of motion is unaffected. Then show that if we make the gauge
choice that ∂αh̄

µα = 0, we get the equation of motion ∂2hµν(x) = −2λT̄µν(x).

(ii) By Fourier transforming this equation of motion, show that there will exist an inter-
action between energy momentum tensor fields of form

V (k, k′) =
2Tµν(k)T

µν(k′)− T (k)T (k′)

2|k − k′|2
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in momentum space; and show that we can also write this interaction in the form V (k, k′) =
Tµν(k)Dµναβ

o (k − k′)Tαβ(k
′), where the spin-2 field propagator is

Dµναβ
o (q) =

1

2q2
[ηµαηνβ + ηµβηνα − ηµνηαβ]

Now show that in the static limit, where we let the frequency component of q go to zero,
the real space form of this interaction can be written as

V (r) = −2λ

∫
d3q

(2π)3
eiq·r

|q2 + iδ

and evaluate this 3-d Fourier transform to get the result V (r) = −λ/2π|r|.

—————————————-

END of QUESTION SHEET 4
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