Tutorial 3: The O(N) Model

The Ising model is a simple model of a magnetic system which has spin
variables o; residing on a hyper-cubic lattice whose sites are labeled by 7.
Each of the spins can take the values +1 or —1. The energy of a configuration
of the spins is given by the Hamiltonian

H[O’] = —JZZO';LO'ﬁ_,_ﬁ—BZO'ﬁ
oo 7

The vectors fi in the summation run over the positive unit vectors oriented
positively along the d Cartesian coordinate axes in d-dimensional Fuclidean
space. They link the spins to their nearest neighbours. Confining the i’s to
positive unit vectors counts each link connecting nearest neighbours precisely
once.

We have and will continue to confine our attention to the example of a
hyper-cubic lattice. The sites of the lattice are located at the points

Z=an=a(ny,ng,...,ng)

Here, a is the lattice constant, or lattice spacing, which is the distance be-
tween nearest neighbour sites on the lattice. The entries ny,ns,...,ng in
the vector in the formula above are integers which take the values n; =
0,1,2,...,N =1 and we use periodic boundary conditions which identifies
nj ~nj+ N. The total number of lattice sites is then N¢ and the volume of
the lattice is

Y = Niag?

The partition function of the Ising model is
Z[T, N, B] — Z e—@%H[U] — Z ekb%T Zﬁ,ﬂgﬁgﬁﬂi‘*,m% 2n0n
spins spins

where the sum over spins is the sum over the two possible spin states of the
spins which are located at each site of the lattice.



In lectures and in the lecture notes, we showed that a Gaussian transform
could be used to write the Ising model partition function in the form of a
ratio of integrals which resembles a lattice field theory
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where the “lattice field” is ¢;. The real number ¢; is the magnitude of this

lattice field at the lattice site that is labeled by 7i, or located at the position
Z = an. The function A='(n,n’) is defined by its Fourier transform,

At (nn) =Y e kgT
’ = Nd QJZ?zl cosp; + ¢

Here, the quantity p which is summed over in the Fourier transform is a
vector that takes on values

. 2w
pP= N (61761,...,&5)

with ¢1,0s,...,¢; each being integers in the range ¢; = 01,2,..., N -1 and,
these also have periodic boundary conditions so that ¢; is identified with
¢; + N. Notice that there are exactly the same number of distinct values of
P as there are distinct values of 7, N¢ in both cases.

The lattice Fourier transform and the inverse Fourier transform of the

field are

b

¢p = Z Wéf)ﬁ (2)
and
it
bn = Z W@a (3)

respectively. We denote the Fourier transform of ¢; by ¢;. We use the
same symbol for these two different functions and distinguish them by their
argument — if the argument is a lattice position (or label of a position in this
case), it is the lattice field. If the argument is the lattice wave-vector, it is the



Fourier transform of the lattice field. The normalization of the transforms in
equations (2) and (3) is fixed so that, if we consider Mz = % as a matrix,
it is a unitary matrix.

A sometimes clearer notation, which we will use extensively, denotes the
lattice field as a function of the position argument ¢(z) where z = an. We
will take this to mean exactly the same thing as Q_gﬁ, that is

¢(j§) = ¢’7L7 T=an

We can also write the Fourier transform and the inverse Fourier transform

in this notation,
—ik&

o(k) = Y S o(@)

and R
cikz

o(Z) = Z ng(l?:)

Here, k is the wave-vector, k= éf), defined as the number of wave-lengths
per unit distance. the position, Z, has the dimensions of distance, and the
wave-vector, l;:, has dimensions of inverse distance.

We will also be interested in the limit where N goes to infinity, where
the lattice is infinitely large. In that case, the wave-vector k= (K1, ko, ...  kq)
changes from the discrete variable that we have been discussing above to a
continuous variable whose components occupy the interval

—E < k?j < Z
a a

with the periodic identification
2

k] ~ k’]-f';

The space of all distinct values of k is a d-dimensional hyper-torus. It is
called the “Brillouin zone” and we sometimes label it as €)p.

The summations over discrete wave-vectors which occurred in the inverse
Fourier transforms that we discussed above are replaced by volume integrals
over the Brillouin zone by the prescription

Z L Nyl dk v dk
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Here, we have used an abbreviated notation

/ dky de “ dkg dk
- - B e N T

The orthogonality and completeness relations for plane waves become
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where the Kronecker delta is defined as

1 it
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and in the last formula, 5(12 — k') is the d-dimensional Dirac delta function
with the property that
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for any square-integrable function f (l;:)
In infinite volume, the Fourier transforms of the lattice fields is

o(Z) = AB #ﬁy«welh¢(lz’)

o) = . G 7 018)

and the expressions for A(z,y) and A~!(x,y) are

dik . 2J Y% cosak; +c
A = af f _IF_ ik (a-g) 27 L J
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respectively.



1. Use the formulae above to confirm that

ZA Yz, y) Ay, 2) =

B&x
N

We can use the above considerations to change our notation for the
partition function to the following one, which we have used as a starting
point for computations !

ZIT,N, B] = (%)m T J @l (sl ()

S[6] = So[6] + V[@) (5)

- 5 T o)A @ 0)o() 0

=YV (6(2)) ™
V(6(3)) = —In2cosh (¢(gz . k?T) v %;T (8)

Through the construction that leads to the above equations for the
partition function, we can find the correlation functions of the Ising
model spins.The spin and lattice field expectation value and correlation
functions are related by

m(#) =< o(#) >= 3 A (z,y) < 6(5) > 9)
x(2,9) =< 0 (D)0(7) = X A (,0) { H(@)0(2) )o A7 (2,) - A7 (2,9)
(10)

where the subscript ¢ denotes “connected correlation function”. m(Z)
is the magnetization density and x(x,y) is the magnetic susceptibility.

'Recall that the determinant is defined as the product over the eigenvalues so that

det A(n,n") =[] A(p) = exp (ZlnA(ﬁ)) = exp(Zln[k T Zd: cospj])
p p B

[ i1k
=exp|V dp In ¢ +zd: 2J CcoSp;
TP Jan @) | kpT T EkpT P

J=1

where V = N9 is the (infinite) volume.



We note that equation (4) is still an exact expression for the partition
function of the Ising model in d dimensions. We are not able to do the
integrations that would be necessary to evaluate it and we have to resort
to techniques which address the problem in a less direct fashion and, of
course, provide a less fulsome answer. What we hope to achieve is an
understanding of the non-analytic behaviour of the partition function
and the correlation functions as the external parameters, 7" and B are
tuned to the critical point, that is the point (7., B.) in the T-B-plane
where the Ising model undergoes a second order phase transition. We
know by Zs symmetry that B, = 0.

In the following we will observe that we could do a similar analysis of
other classical models of magnetic systems. For example, if rather than
the spins taking only the two discrete values o; = +1, as they do for
the Ising model, we could define a system where, for each lattice site
n, the spin 65 is an N-component variable,

6= (08,02, ....0%) (11)
with the property that, for each lattice site labeled by 71, the spin ; is
a unit vector, that is,

GG =(03)2+(02)? + ...+ (o)) =1 (12)

With the hope that this does not cause confusion, we will use the
overhead arrow to denote both the A-vector ¢ and the d-vector 7.
(This is standard in literature.) The space of possible orientations
of this unit vector is equivalent the (N — 1)-dimensional unit sphere,
denoted SW-1_ which is embedded in A-dimensional Euclidean space
by the constraint in equation (12) on its coordinates.

In order to make a physical model where the spins are the degrees of
freedom, we need to write down a Hamiltonian. We take the Hamilto-
nian to be similar to that of the classical Ising model,

H=-J%6; Gnp—y B-6s (13)
Ty 7

This Hamiltonian and the prescription for finding the partition function
which is given in equation (14) below define a classical statistical model
of this spin system.



The Ising model is recovered as a special case of the model that we
are considering by putting N’ = 1. The case with N' = 2 is called
the “classical X-Y model” and with N = 3 it is called the “classical
Heisenberg model”. The case with general N is called the “O(N)
model”. The name comes from the symmetry of the model when B = 0,
which is symmetry under rotations in A-dimensional space. The set of
all such rotations comprise the Lie group O(N). (Beyond this name,
we are not assuming any knowledge of Lie group theory.)

As in the case of the Ising model, the constant J governs how strongly
the neighbouring spins are coupled to each other. The quantity B is an
N-component object which plays the role of an external magnetic field.
The signs of the terms in the Hamiltonian, if J is a positive number, are
arranged so that so that the minimum energy state is Ferromagnetic,
that is, it has all of the spins aligned in the same direction in the N-
dimensional space that they live in, and that direction is the direction
of the external field, B. The configuration with minimum energy is
therefore

The magnetization is an /N-component vector given by the total vector
sum of the expectation values of the individual spins,

—

MEZ<5‘>

S

In the lowest energy state, it is equal to

=Nt 2
|B]

where N is the total number of lattice sites. The magnetization density
in this state is given by

—

M

Nd

El| .

and it is a constant. This is a Ferromagnetic state in that the magne-
tization does not go to zero, but it persists even as we take the limit
B - 0. When B — 0, this becomes a state with spontaneously broken
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symmetry, in this case the O(N') symmetry which rotates the A'-vectors
d. This is analogous to the Z5 symmetry breaking that we found in the
Ising model. However, there is a big difference between this model and
the Ising model, in that O(N) is a continuous symmetry group. It has
an infinitesimal transformation, which is just an infinitesimal rotation.
This fact has some non-trivial consequences.

The ground state energy is given by
< H >=-JN% - |B|N?

This is a non-analytic function of the field B with the singular point
being at B = 0. The energy density is
<H> -Jd 1
u= =— - —|B|
% at  ad
If we keep the temperature at T' = 0 and vary the components of B,
there is a phase transition which occurs at the origin B = 0 in the
N-dimensional space of possible values of B.

The ground state here is similar to that of the Ising model in that all of
the spins are aligned in a particular direction. However, the excitations
of the two systems have significant differences. In the Ising model, the
lowest energy excitation is found by just flipping one spin. The result
of flipping one spin is 2d misaligned bonds which have energy 2d.J.
In the O(N) model on the other hand, we could create an excitation
which has arbitrarily low energy by misaligning one spin b — gg’ by
an infinitesimal amount so that the excitation energy is d.J [1 Y gg’ ]
which can be arbitrarily small. This turns out to make the symmetry
broken state less stable in that it can be destroyed by large fluctuations
of the low energy excitations. Indeed, at finite temperature, the order
is destroyed by fluctuations in d < 2 and even at zero temperature, it
is not stable at d = 1.

The partition function of this spin model is given by averaging the
Boltzmann weight, e~ H#/k5T gver all of the possible spin configurations,

B, I = Om O _B_. I S
Z[T7N7B]:/Hd5'ﬁ €kBTZﬁ’“ ARt R T L On (14)

Here [ doj is the volume integral on the (A'—1)-dimensional unit sphere
which is the subspace of N -dimensional Euclidean space, that is, the
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points (o',02,...,0") which obey (c!)?+ (c2)?+...+ (¢V)?2 =1. We
will have more to say about how such an integral is done shortly.
As we did for the Ising model, we can use a Gaussian transformation

to rewrite its partition function of the O(N') spin model as that of a
lattice field theory. To do that, consider the following identity

[[dd]e e A7 @@ To Aww)s (@) [5@)-T: Aw)s ()]

1= ——
[ [dgzﬁ]e*% a5 AN (2.y)d(2)4(5)

A(z,y) = A(n,n’) (with Z = an and § = an’) is the same matrix that
we used for the Ising model. Also

[[d¢]... = ﬁ];[[:d¢“(f)...

Unlike the spin variables ¢ (%), which are constrained to be A/-dimensional
unit vectors, the lattice field &(f;) is simply an A-dimensional vector
each of whose components ¢¢(Z) can take on values which are any real
numbers. The integration over each component ¢¢(Z) is over the entire
real number line.

With the integral identity above, we can write the O(N')-model parti-
tion function as

[ [d6) exp (~S[] - ¥eke)

Z[T,N,B] = 15
[ ] [(2m) V2 /det A" )
S[6] = Sold] + V(4] (16)
Sil3) = 5 £ A7 (.)3(@) - 3(9) a7)

V3= V() (18)

V(gz;):—ln[fdﬁexp{(q;+l@%)'5}] (19)

m(z) =< 3(2) >= 3, A7 (z,y) < 6(3) > (20)
X" (@,y) =< 0(2)0"(y) >c (21)
=2 AN @ w) { ¢°(0)¢"(2) ), A (z.) - A7 ()0



The integral [ dg... in equation (19) is over the A — 1-sphere.

Here, we have presented the potential V(gg) as an integral over a sphere.
This is not an easy integral to get analytically. It is easy, on the other
hand, to expand the potential in powers of ¢ to a few orders (let us put
B to zero for now),

- do ex
V(¢)=~-In / fl;ﬂ lnfda

-~ [do[1+¢-G+L(-3)2+..] )
V(¢)—_1D{ fd& } —lnfda

Consider the following identities for integrals over the unit sphere:

f déo® 0 f doooo? ~ igab f dooboc
[dé -

Tde N T Jas
[ déocboco? ~ 1
[ do S NWV+2)
[ déoeobocolocal 1
[ do NN +2) (N +4)

The general identity of this kind is found by considering the Gaussian
integral over Euclidean space,

(5ab60d + 5ac6bd + 5ad5bc)

(6°08°16°7 + gocgbged + gedgheges + ..

0 0 52 0
dpe P Ppip= | pi = lim = /d* 12457 ~ im —— (2m)N 21
./ 320 0J;y  Oiys =0 0jsy 8]1%

:(27T)/\//2 Z H Siat

pairings pairs(a,b)

where the sum is over distinct pairings of the 2k indices. Then we can
also do the integral by going to polar coordinates, p = p with ¢ a unit
vector, so that

[ dee_ﬁQ/Qpilpig B _piQk _ [oopj\/—1+2kdp6—p2/2 [ da_o.ilo.ig o O_igk
0
_ 9N/2-1+k [°°(p2/2)/\//2—1+kd(p2/2)e—p2/2 / deoio?  gi
0
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= QNI IN 2 + k] f dooo™ .. o'

Equating the two equations gives us

A ATy Azz Az _ (277-)/\//2 )
/ doata T NP AT N2 + K] 2, 1 o

pairings pairs(a,b)
Note that this also tells us the volume of the A/ - 1-sphere,

(212

volume (SV71) = fdA NPT [N /2]

2. Confirm that the above expression for the volume of the N — 1 sphere,
SN=1 for the volume of S,52, 53 which are 2m, 47,272, respectively.

We can find an expression for the ratio of integrals

[do6iG.. .67 T[N/2]
[ dé T[N /2 + k] > 11

pairings pairs(a,b)

5’iaib

or, using the property of the Euler gamma function I'[z] = (z-1)T'[z -
1],

[ d6615% .. i 1

[ do NN +2) .. (N +2k-2) 2 .H o

pairings pairs(a,b)

Finally, by counting the pairings we see that

[d5($-5)%* 1

[de  NWN+2)...(N+2k-2) 2%! |¢|2k
and
fd&exp(&-&) _ i 1 |¢|2kzk'
[ do TENWN+2) . (N +2k-2)2k

3. Show that the leading terms in the Taylor expansion of the potential are

v(¢)-—— LWQ[}\HQ](&)? .- mfda—
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Can you get the order ($2)3 term?

Our goal is to study the partition function and the Helmholtz free
energy of the O(N) model. The first approximation that we will take is
motivated that the idea that the interesting behaviour of this integral
comes from the very long wave-length modes of the lattice function
¢(Z), that is, the modes of the function are almost independent of 7.
Then, as a first attempt, we simply replace gg(:%) by a constant A/-vector
é and integrate over it.

. Show that, when we assume that the lattice field (E(f) has only constant
components, and we put the external field B — 0, the partition function
1 given by the expression

_ 1 N e - cNN
21T, N1 - [ I m] [ ades (—sl[qﬂ - ) (23)
where -
$i001= 2 XA (w0) + NV (D)

&8
<y

. Show that the quantity

kpT
2dJ +c¢ T.N

Y A (z,y) = N*
Y

where we have defined T, = (2dJ + ¢)[N'kp.

We then find that
—— $? .
Sid1=N {TC " N+v<¢>>}

When N9 is large, we can use the saddle-point technique to do the
integral over ¢ to get the partition function and the Helmholtz free
energy

Nt e {28 v - N
F[T,N]=N%gT 11%f {T62N+V(qb) NNe

12



where the constant ¢ takes into account both the constant ¢ and the
quantities coming from the factor 1/N42y/det A in the partition func-
tion. ¢ turns out to be independent of both 7" and N. The symbol inf
means that we should find the infimum of the function of ¢ that sits to
the right of it.

We should recognize the expression for the Free energy to be that of
mean field theory. The approximation where we retain only the con-
stant part of the field ¢(Z) is equivalent to mean field theory. In this
approximation, all of the critical exponents will be those of mean field
theory. In the following, we will study a few of the details.

. Find the value 0f$ that realizes the infimum in equation (24) and show
that, when it is plugged into the Helmholtz free energy, the Free energy
density, defined as

. 1
f(T) = lim = F[T, N]
1 given by the expression
lf—dTV(ﬁ) -cN/ad T>T,
f(T) =\_ksT _ 2 EBTyv/ () — d
EL(N+2)(1-T|T.)* +...+ 22V (0) -cN/a? T <T,

(24)

where the ellipses denote contributions from higher integer powers of
(1-T/T.) — so that the terms that we have included become arbitrarily
accurate as we take T — T.,.

. What is the order of the phase transition at T =T¢?

. Show that the magnetization is given by

=L NAJ/F,Q\/l—T/Tcé

T

where é is an N -component unit vector. The orientation of the mag-
netization is in any direction in the N-dimensional space. This corre-
sponds to spontaneous symmetry breaking. Unbroken O(N') symmetry
would average the magnetization to zero. Here, it is nonzero. Some of
the symmetry remains. That symmetry contains all of the rotations in
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10.

N-dimensional space which would leave the magnetization unchanged.
This is an O(N — 1) symmetry. We say that the O(N) symmetry is
broken to O(N - 1).

In order to examine the validity of mean field theory, it is instructive to
attempt to study the leading corrections to it. With that aim, we will
begin by inserting the following identity into the integral which defines
the partition function,

1 - fd@d(@—%;ﬁg(f))

Here, [ d@ is an integration over N/-dimensional space.

Show that the above identity can be used to put the partition function
in the form

1 N .
A1 - [ tg| | [ 10035 90 Jesn (-0 + D)
)

Now, we can expand the exponential in equaiton (25) up to second
order and beyond in the integration variable ¢(Z):

[+ 8 -1 o+ V(@) + T2

20°(#)
3T (A-1<x,y>6ab + s # @)+

Use this expansion up to quadratic order and do the Gaussian integral
to rewrite the partition function as

21N = [ l ]Nexp(__[T v V) i) (26)
Vdet A \/det (A @y)om + 52
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11. Use the fact that

ITLP) O ) -

— abv(|¢|) ( //(’ |) V/(QOD)
Db~ Db |l 9] G

tq show that A~'(x,y)d® + % has, for each wave-vector k, N -1
etgenvalues

ATy s V(9D
k
> il

and one eigenvalue

AT (k) + V" (|¢l)

12. Show that the expression that you obtained for the partition function in
equation (26) leads to the following expression for the Helmholtz free
enerqy density

f(T) = (27)
- 1011 N*l -
T Lok (AT ST (AR + V()
kT inf{ — +V In
o | qd [ (¢ )] / (2m)d (A‘l(l%))N
(28)

Now, we will do our second truncation of the degrees of freedom.
We will assume that the only important modes are those with wave-
numbers k in the regime 0 < |k| < A where A is called the “cutoft” and
A<< i,

a

The integral that remains to be done is

- iV N_l -
g (A7) EER)T (A @) + vr(leD)
/: i In — 7
El<A (27) (A—l(k))
where we have imposed the cutoff.

13. Show that the cutoff integral can be well approximated by the expression

i (0 ) s )
In
S @ (a1
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14.

15.

16.

17.

di (e BN Y (g BN o)

) ﬁ%sA (2m)d n (k2 + p2)N

where

s 2Jd+c
w= Ja?

when Aa << 1.

When d is not equal to an even non-negative integer, the integral in
the equation above is well-defined and convergent even without the
cutoff A. We can use this fact to add back in some irrelevant modes,
those with wave-vectors with magnitudes larger that A to write another
integral which should have the same non-analytic behaviour,

— 10> N—l —
g (B2 + 2+ T2 NN (2 4 g2+ T 2NV (1))
n
(2)? (k2 )"

FEvaluate the integral in the expression above and use your result to
show that the free energy density is given by

kT . T|90|2
f(T)'_ " {T 2k T
T(-d/2](az) T, V(D \" T o Y
TRy l(]\/—l)(l 7 ) +(1+?/\/’V (|go|)) —/\/]}

(29)

Find the equations for the value of ¢ at which the infimun in equation
(29) is achieved. (You will need to use the Taylor expansion of the
potential in ¢ to a sufficiently high order. )

Find a solution of the equations for ¢ in the above equation for a small
range of temperatures both above and below the critical temperature.
When there are multiple solutions, identify which solution gives the
infimum.

Plug solutions that you found in the previous problem back into equation
(29) to find the free energy density as a function of temperature. Note
that the result when d > 4 has significant differences from that where
d<4.
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