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\,1(x)1 v,(x)l

l,r-\ ln
/ \

r ,- r \,/"'
FIGuRE 2.2: Thefirst tbree staiiomry srat€s ofthe in6nite squa'e wel (Equatiotr 2'28)'

Curiously. the boundaif condition at x : d does not deiennine the constant

A, but rather the constant k, and hence the possible values of E:

h'4
2m

In railical conaast 1{) the classical case, a quantum particle in the hfinite square

weli caDnot have iust @y old enelgy-it has ro be one of these special auowed

values.3 To fnd A, we aorrolize /:

a
This only determines ihe |fl grir,lde of A, but it is simplest to pick dre positive real

roor: A : Jth (rhe phase of A canies no phvsical significance anvway) lnside

the *el l ,  Ihen, $e $lut ion{ are

t2.281

fo" vl"*^'taa,=lePl

As promised, the time'independed Schrddinger equation has delivered an

infirit€ .;t of solutions (one for each positive integer ') The nrst few of these T e

plotted in Figure 2-2. They lookjust iike the standing waves on a siring of length d;

7r. which caaies the lowesi energv, is called the ground stat€, the others, whos€

energies increase in proportion to u 2, are called exci'ed states As a colec'ion' the

functioff ry'ic) have some interesting nnd important propernes:

l. They are altemately eveD and odd' with respect to lhe center of the well:

1,r is evea 1y', is odd. y'4 is even, and so on "

{Notice lhat the { antizailo. of energv energed as a mlhq tahnical consequence of t1E bod'd_

'a .o rd iuon,on  o ld ro ; .  o I 'e  de  iade!9n , lea  S. tuoorngr r  eqdt  o r

eTo nakc this synn€try norc appenq sore atfion cenbr the welt ar dte origin (running il

rio. 
" 

o +ol. rhe 
"i"n 

run tions fu; ihen cosines Md tne od'c on6 aE sin€s' Se Problen 2 36

t t  ,^, ,
v/ ,(r)=v-s'n\- ' l .
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2. As you go up h energy, each successive state has one more node (zero_

dossitrg): /r has none (the end points don't count), l'2 has one. 1y'3 has two' and

3. They arc mutuafly orthogonal, in thc sense thal

I v^r,ruatu':o'
ion 2.28).

I allowed

2.nl

wberc''er m+n. Proof:

l r-'", 0.,^, o. - 1 1""" (i' )' '" (';-.) r,
I  t ' t  t n -n  '  t ' t ' " , I . l  a ,-,/. r*\ , "', *'\ ,

-  |  - '  , in { ' -r  , ,  I  -  ' -  . t  l '  '  1",)1, '
I t . t ' - , ' " "  t  a  t  t n  n \ a  \  d ' l l n

I  l s i n l r n  l , r r l  ' i n l r n  I n ) J ? l l - ^
n l  t n  n i  t m ' n \  |

Note that lhis argument does ,?d work if,n = ,. (Can you spot tlle point at which

it fails?) ln that case nornnlization telis us that the integal is l ^ln fact' we can

"orniin" 
ortrtogonarity uoa nornalization into a single statementro

12.291

[2.30]

12.321

i). lnside

12.281

f lenglh d:

t the well:

where ,m (the so-ca ed Kronecker dclxa) is delined in the usual wav'

, .  l o .  i f  n+n ;
om:1  r ,  t f  n :  n . 12.311

We say thal thc t/s are orthonormal
4. Ttrey are complete, in the sense that a\y other function, /(r), can be

expressed as a linear combinalion of them:

10Ir this cse lbe ,y' s re 8,,. so rhe * o.'t n nnn{e$ary. but for tutuE PuQoses it s a good

idea to ge! in thc habn ol pulting n 1heE

!ura.tu,,"to':o^'
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I'm not about to prove rle completeness of the functioRs sin (rr.r/d). bur il you've
studied advan'red calculus you will lecognize lhar Equarion 2.32 is nothing but the
Fouri€r seri6 for f(r), aM the fact that "aDy'' tuncrior catr be expanded in this
v/ay is sometimes called Diricl et's theorem.rr

The coef6cients c" can be evaluated-for a given /(r)-by a rnettrcd I cal
Fouri€r's hick, which beaftifirlly exploirs the orthonomality of {ly',}: Multiply
both sides of EquatioD 2.32 by ly'd(.r)*, and integrate.

I  , l ' - t , t ' t t t tdx  -Lc"  |  , t ' ^ t , t  , ! , ,ura"  -1 , . t *  .^  12. | r t
- 

.=l " a:l

(Notice how the Kronecker detta kilts every temr in the sum except the one lor
which n : m.) Thus the ,rth coeflicient in rhe exparsion of /(r) ist,

These four properties are exaem€ly powerfirl, and rhey are not peculiar b ihe
irfinite square weU- The firsr is true whenever the porential its€U is a s)Tmetric
fimction; the second is universal, reg:rdless of the shape of lhe potenriall3 Ofllog-
onaliry is also qrite general-I'll show you rhe proof in Chaprer 3. Completeness
holds for all the potentials you are likely to ercornter, but the Foofs tend to be
nasty and taboriouq I'm ailaid most physicisrs simply drJ,./re completsness, and
hope for the best.

The stationary states (Equation 2.18) of rhe intrnire square well are evidently

*u",- l ' ; " ; , ( ' i , )e-* '+rz '" t  12rsl

I claimed (Equation 2.17) lhat the most general solution ro the (tirne-dependeno
Schdklinger equation is a linar combination of stationary srales:

ut., rr lc",/  j  sio i 'nr t \"- '-+|ht 'J- '  '
"  l o

rrse6, for "*.-tr", Ma3 Bm. Mathetui.a! Methrbl" the Phtsical Sciaces.2d etL (tte||
Yod: Jonn W'net 1983), p. 313j /(r) m even have a nnne nunber of 6nhe disontimities_

t2li d(h t mner wherhd you Be fl o s ine.du@y ildcl heE (s long 6 you ft
corsaEnt on fte iwo sids of rlte equtiotr, or.on&); wrdrysl lentr }!u 6q njut srands fo..?.y
posiljre inqer"

'JS€e for enmpl€. Joho L Powel and Bemd C6elmn, Q@tM Me.]wtu {Addien
Wesley, Radirg, M4 196l), p 126.

,": I .t$.r@,1,



I
t
I
!
I
:
3
i
.'

- Se.ttoi L2. The Ilfflite Sqaale We 35

(If you doubl that ihis rr a solution, by all m€aDs tiect it!) It rcmains only for
me to demonstmte thar I car fit any presdibed initial wave filtrction, V(,t,0), by
alpropriate choice of dle coefEcients .r:

w(,I.0) - tc",r'"(,).

The completercss of the ry''s (confrmed in dis cas€ by Didchlet's theor€m) guar-
antees that I can always express v(.t,0) in this way, ad their orthonormalit
lic€nses fhe use of FoNier's fiick to detennine ihe actual coefEcients:

Itru = ,,li ln s', (f,) vr", or a'. t2.3it

51

That drer il Given the initial wave fu&tioD, V(.I,o), we 6rst compute the
expa,nrion coefficients cn, using Equation 2.37, and lh€n Plug these into Equatiotr 2.36
to obtain V (r, ,. Armed with the wave functiorL we 3re in a positiotr to computo any
dynanical quantities of interest, using the procedfies in Chapter l. And this same
ritual applies to ar, porential-the only tbings dlat change are the turcnonal folm
of the t's and the equatior for the allowed energies.

Exemple 2.2 A particle in the infnite square well has tbe initial wave imction

{ , ( r . 0 ) - A - r ( , - r r ,  t O  a r  S a l .

for some constant A (see Figure 2.3). Ortsrue the we , of coulse, V : 0. Find
W(x,t) .

FIGURE 2.3: The sraftinc waee fladio{ in Example 2.2.
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Solution: FLst we need to determine A, by normalizing v(r'o):

, n 5

|  -  
Jo P$.o| ]  dx =le ' ' /  

Jo 
?a ' l  ax -  Vf : ro

Th€ nrh coomcient is (Equation 2-37)

". : fi 1,' "^ 17'1,['; "' 
- o ̂

: *V ! "',,^ t+,1 a " - 1"" .' "a 1tt'y a'f
-- *l"lt*t' "^ (+t x "- r+t)\"
-? (*)"' " (T ") -'"',#o;''- tT 41li,l

:'# l- * *u^", * 
" ffi "u"t ot * o' # *ut]

: 14 tcostor cmr',r rt,
\nrr /

[ 0, iln is even,
: 

I l./B/(nz)3, ir z ip'oaa

Thus (F4uation 2-36):

-*., =,8(3)'"I. )" (i'');-++'n"c

. ln^: \ lF.

lnoselv sDeatrna, c, lells you fie "amounl of {', tb'l i{ conhined m V "

So*. p*pt. rir.. ro suv rtrr lc,iz ;s lhe probab irv ot dnditB the panicle in lhe

nth stationary state,' but this is bad laryuage: the pafticle is in the staie V' t't

V,, an( anyiow. in rhe laboratory vou don't 'tud a panicle to be in a panicular

ryarie'-y-, -"^*" sorre obsenebk' and \|bat vou gei is a n'm'er' As we'll

see in Cirapter 3. what lc' 12 rE)ls yon is the Nobabilitv that a t4t$urenent of the
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enztgt i'ould yiell the valr" Ez (a compeaent measuremeft will always retm 'n€

of th;'a[owed' raluas-hence tle iame-and lc"l2 is the pmbability of getting

$e panicub vatue E").
Of coume, the rro, of these pmbabilities should b€ l,

Indeed. tlis fo owE ftom the normalization of V (the cn's are hdePedent of time'

so I'm going to do the Foof for t : 0; if lhis bodErs youl you can easily generalize

the aryrment to aftit'ary t.

- t t.:., I lrm\') ' t 'nt ' tdx
J

\al , ,2
: ,  ,  t : n c n o m :  ) . t n

n=l n=l

(Agaio, the Kmrccker delta picks out the telm m : z itr the suunation over m )

Moreovet the expectation value of the energy must be

IHJ :Dl""l2 8",

dilertly: The lime-independent Schr6dinger equation

Hl,a: E"1trn, .. t24ol

t2.381

r : I v <'.or a' :l [i ---''). (i."*',) *

12.3el

and this too can tre checked
(Equation 2.12) says

w: !*.uva,= ! (L^t.)'u(D"a,")0.

:ll*ur" I n+" dx : Etc.tz E"'

Norice that the probabfity of getti4 a particdar en€rgv is independent of time' ad

so, a/oniot, is the expectation value of It- fiis is a manifestation of coff€rYation

of ener!ry in quantum mechanics-
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Example 2.3 lD Example 2.2 the starting wave function (Figure 2.3) closely re-
sembles the grounal state 1y'l €igule 2-2). This suggests that lcr 12 should dominate,

]  _ \  )
.  . r  / 8 / r 5 \
l ,  r l '  L - l  -  0 . 0 0 3 5 5 5

\ " ' l
The rest of the coefficients malce up the difference:ra

i,"r:(*)'
The expectation value of the ene€y, in this

\-
=1,3,5,

,  '_ \  2  ^  ^  ^
|  8. /1s\ n ' t 'h '

\;r7) ,-;r: \-

v (r, 0) : AL,!' t(') +,!'r(tl.

'"You @ l@k D! rhe series

1 l l

l l t r a

I  : . - i ' -  
- " "

in nath hbtcs. uder "Suns of Raiprocal Powe$ d *Ridann zei. i'uction."

$ r-,

example, is

4AOh2 | 5h1

As one might expect, it is very close ro h : 1t2h? l2ma2-slightly lrtgea because
of the admixture of excited states-

Problem 2.3 Show that there is no acceptable solution to the (time-independen0
Schrodinger equation for the infinite square well with t : 0 or E < 0. (This is a
special case of the general theorem in Problem 2.2, bxt this time do it by explicitly
solviry the Sckddinger equatiorl and showing thai you canlrol meet the boundary
conditions.)

r t toblem ,1.4 Calcula le ( -x) .  ( r - ) .  (p, :  (p-) .  o , .  aDd op.  for  the arh . r r r ionary srdre
of the infinite square we . Check that the uncertainty prirciple is satisfied. wlich

stale comes closest to the uncenaintt' limit?

*Problem 2.5 A particle in the infinite square well has as its initial wave tunchon
an even mixture of the first two stationary states:

n
d
rt
g

(r

*B

I

I

J '

960



Sedioh 2-2: The lkfiflite Sq@te Well 39

1.)

(b )

Normalize V(',0). (That is, find A. This is very easy, rf you exploit the
orlhonormalily of ltr ^nd {2. Recall that, having norrnalized {/ at r : 0,
you cdn rest assurcd Lhat it r//'lr normalized if you doubt this, check il
explicitly after doing pan (b).)

Find v(r,, .nd lv(r,tl'?. Express thc latter as a sinusoi&l function of
l ime. ar iD E^lrml, le 2 L T,J simpl i l )  lbe re"ulL ler u r 'ht1ma

Compute (r). Notice that it oscillates in iime. whar is the angular ftequency
ot the oscillation? Wlat is the amplilude of the oscilation? (ff your amplitude
is grea(er than a/2, go directly to jail-)

Compule (p). (As Pcter I-orre would say, "Do it ze I'e"/. vay, Johny!")

ff you measured dle energy of this pafticle. what values mighl you get, and
what is the probabiliiy of getiing each of them? Find tfie expectation value
of ,9. How does it compare with El arld E2?

(d)

*r,.oi:{l iJ a
SkeLch q,(r.0), a.d detemine tbe consraDt .4.

Find v(r, t.

tstiEre is no restaior in pinciplc o! the r/,ap. ol rhe sl.nins save tunctiol! a! iong
a il is nomalizble. h p riclle. q(r,0) nccd.ot have a cortinuous dedvatire in fac! it
doesnt cvd bave ro b. ^.antinu.a tunction. However, if you try to calculale {l/) using
/ p(r,o)'dv(J,0)& i. $'ch a as. you may cncoudcr rEbnicd dimcufties, becau€ the second
d.nvaile oI {'(x.0) ir i[ denned. Il works h Problem 29 becdse the disconrindirs o.cr ar thc cnd
poib^. where rhe wave lunclion is zerc anyNay In PLlblen 2.48 you ll see how r. manage cass likc

li.ith

Ih ich

Problem 2.6 Although the dverdA phase constant of the wave tunction is of no
phys;cal significance (it cancels out whenever you calculaie a neasurable quantity),
the /eldr7's phase of the coemcienrs in Equation 2.17 does n ner For example,
suppose we change th€ relalivc phase oI /r and ry'z in Problem 2-5:

v(r,0) = Attr (r) + e'o,y'r(r)1,

where d is some corstdrt. Find V(r, O. lt!(,I, t)l/, ard (r), ,nd compare your
results with what you got before. Study the special cases d = r/2 ^nd 6 = n.
(For a graphicrl exploration of this problem see the applet in footnole 7.)

*Prcblem2.7 A panicle in the infinite square well has the initial wave functionl5

0 - - x = a / 2 .
a l z 5 r t a .

(b)
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(c) w}Iai is the probability that a measurement of the energv would yield the

valrc tl ?

(d) Find the expectation value of the energy.

Problem 2.8 A particle of mass ?n in the inlnite sq are well (of widdr a) stats

out in the Ieft half of the well. and is (al I - 0) equalv likelv to be found at any

point in that rcgion-

(a) Whal is its initial wave fnnctioo, V(r,0)? (Assume;1is real Don'l lbrget

to normaiize i1.)

(b) wlat is the probability that a measurement of the energv would vicld fte

valrc n2h2 lzma2'l

Problern 2.9 For lhe wavc funciion in Examplc 2 2, find the expectation value of

lJ, at time r = 0, lhe "old la-shioned' way:

t ^
(H  -  I  { ,  0 r 'Hv ' ,  u ,z r \ '

.l

Compare the result obtaincd in Exanpie 2.3, using Equrtion 2 39 Note: because

{fl) is independent of tine, thcre is no ft}ss of generxliiv in using r = 0'

l

l

l ,

r i

]J
r l
i l
; ,
t ,

: j :

, l l l

,l
i l : i

i ,
I
l

l
l i

l

l

I
i
i '

2.3 THE FIARMONIC OSCILLATOR

:
I

par
CII

FI(

chi

tn!

The pdradign for a dassilal hamnnic 
'oscillator is a mass ',1 allached 1o a spring

of force constant l' The motion is govemed by Hooke's law,

a"x
f  - k , - , 1  

|

(ignoring friclion). and the solution is

r(r) : Asin(o, + B cos(/",r),

.=,8
is the (angxlar) frequency of oscitlalior The polential energv is

t ^
12.421

its graph is a parabola.

sp,
im
lor

(rt
usi
Sc
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FIGURE 2.4: Paabolic aPproxination (dshed ooe) to an arbil'dv potential' in
the aeighborhood of a locaj mininun

Of cowse, there's no such thing as a perfe.l hannonic oscillator-if vou
siretch it too far the spring is going to heak, and inica y Hooke's law fails

fong before that point is reached. But Factically any potential is approtimttelv
parabolic, in the neishborhood of a local ninirnum (Figue 2.4). Formalv, if we

expand /(r) in a Taylor s€ries about the minimum:

. l
v(x.): v(ro) + Ttro)(;r d+;v"(:q)(x-'{)2+ ,

subtract v(ro) (you car add a com.ant to v(i) with impunily' sirc€ that doesn t

change the force), recogrize that v/(to) : 0 (sinc€ 4 is a minimum)' and drop tlle

higher-order tems (which are negligible as long as (i - r0) stays small). we get

I
V { ' , - ' V " l x o } ( r  . x o r l .

wbich dossibes simple harmonic oscillatiotr (about ihe point ao), wilh an effectiv€

spdlg consta t : V" (t+').rb That's why the simple hamlonic oscillator is so

importanr Virlually ,,?) oscillatory motion is approximatelv simple hannonic' as

Iong as the amplitude is small.
The 4arrrrrn Foblem is to sotve the Schr6dinger equaiion for the potetrtial

I  . "
v(t'): tmo"x' 12.431

(it is customary to eliminate th€ spring constant in favor of the classical ftequency'
qsing EquatioD 2.41). As we hav€ seen, it sufnces to solve the time-independent
Schodinse( eouation:

h2 (t21, I- 
2n rlaz 

+ 
tna"x-lr 

: L'!' t2.Ml

r6Nob rhat i"(4) :0, sincc bv asmptio. r0 i; uinmm- onlt in rho rre case v"(ro) = 0

is th€ oscilktion nor eled appronMdy sinple hmoroc
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In the literature you will 6nd tq'o entirely diffeEnt approaches io this Foblem
The first is a srraightforward "brute force" solution to the ilifferential equatiotr,
using ihe power seri€s mefhod; i1 has the virtue that the same strategy can be
applied to matry other potentials (in fact, we'll use it in Chapter 4 to treat the
Cornomb potetrtial)- The secod is a diabolicaly clever algebnic technique, usrtrg
s(}{a ed ladder operatols. I'11 show you the algebraic method 6rst, b€cause ii is
quicker aIId simpler (ard a lot more fun);l? if you want to skip the power sedes
method for now, that's fne, but you should c€rtainly plan to study it at some
stage.

2.3.1 Alsebraic Method

To begh with, let's rewrite Equation 2.44 in a more suggestive fomr:

!b'+@.'r'l{,:2.1,.

$b$e p = (h/i)d/dx is, of course, the mometrtum opemtor The basic idea is to

/dctor the Hamilionian"

u =  - '  tpz+r^ .^ l I .  12 .461

If these were nrrrr€ff, it would be easy:

"2+rz :< i "+u \ ( - iu+ , ) .
Iture, howevet it's not quite so sifiple, because P and x arc operutors. and opeF
alors do not, in geneml, connuute (IJ, is not lhe same as Pt). Still, this does
motivaie us to exasine the quanaities/

a+ = i#GiP + no'\ p.411

(*le factor irl ftont is just therc to make the final €sults look nics).
We1l, what ir the product a a+?

o o*: I  rto * ^^tt- ip + mdxl

t ^

* * , l e '  
I  t n . x t '  -  i ^ d t t p  p ( \ l

ITwe'll .nmDrq sme of Ihe s@ stEieEiq in the rh@ry of dgnlar nomatun (chafler 4),
eil$e ichnique gereE&e to a b@d clss of Fotentials in ftrpE{F|mtlic q@td tuchlnis
(w, for ex,nplc, Ricndd w Robn i- Q@tfiut Mechon6, (ortdd U.P , Ne{ YorL. 1997) s4tion
144).

t2.451
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As anticipated. there's an extra teml, involving (jp p_r)- We cat this the com-
m tator of r and p; it is a measure of how badly they /dil to comnure. In gcneral,
the conmutator of operators A and B (*rirter with square brackets) is
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l A ,  B l =  A B  B A . t2 481

t,

l45l

!461

(1)

t'. etrl', :V:*o -i**,]:i (f "# - r:) :'ur, 
*,

l l

h^" a

a -a+ :  
haH+ t '

,=^G * i)
12_s2l

t2.s3l

12_s4l

[a . a+l : r.

Eln a dc€p sN aI of the mystories of qudtun m{bdi6 @ be rned lo th€ fet dh ,osition
dno roNnM du nor  co  mL e  Indeed .omeaJhoF6*r rhe .dJnca.omuL ' ,o rF l r ; ,  Jn
aian of tnc ll]ory. dd use it 1a duive p = (h/ i)d / di.

In this noaarion,

t , , t
" - " -  

-  
j n ^ _ l p  |  { n u x ) ' ]  

) h [ , .  
p l .  l 2 . 4 q l

We need to 6gure out the conmutarot of r a['d p. Wdming: Operarors are
notoriously slippery to work with in the abstrad, and you arc bound ro mal(c
mistat$ unless you give then a "resr tunction," f('), io acr on_ Ar the end you
car tbrow away the test function, and you'll be lefr wirh an equarion involving the
opemlors alone. In ihe ptesent case we have:

DroppiDg the test funcrion,

I2.5l l

which has served its purpose.

F.-;;;l
This lovely and ubiquitous rcsult is known as rhe canonical commutation rela-
fion.13

With this, Equation 2.49 becomes

Evidently the Hamiltoniar does ,or factor perfecrly th€re's that exrra z1l2 on rhe
nght. Notice that the ordering ofa+ and a_ is important here: rle..sarne argument,
with d+ on the left, yields

In pafiicular,
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So the Hamilionian can equally well be written

H h"  ( ' ' "  - ! \  r25o '

h teflns of al, then, the Scktidinger equationLe for the harmonic osciltator takcs

ha( !a+ ! ) ) r :  
" r

L2 571

(in equations lihe this you read the upper sjgns all the wiy across. or else thc lower
s'sns).

Now, he'e comes .hc c cial step: I clain that ./ r, satitl)es the Schrijding'r
equation with energy E, (that is: Hr! = Eit). then a+!r satisfes the Schri'linger

equati'Jn \rith enersj (E + h(,): H(a+tb\ = @ + ha)(a+1!'l- Prod:

r  r \  /  r  \
H ' a t ' t ' t - h d ?  a '  

) ) G ' t "  
- h - l a  a  d t  I  

i t ) ' t '

/  l \  |  '  l t  I
h-a - \a  a  1  ) ) ' I '  l h ' \ " "  "  r ) ' l

: a+(H + ho)1li = a+(E + hb)'l' = (E + h@\('t+'!J)'

(I used Eqnation 2.55 to replace a-a+ by a+a- + l. in the second llne Notice

that whereas the ordering of d+ and a (loes malter, lhe ordering of dJ and

any corlsrdntr snch as ,h , o, and E 4oes nott ,n operator commutes w1m any

constanL) /
By lhe same tokeL a,t is d solution with energv (E - no):

/  l \  /  l \ .
H n  ' l r t - h - \ a  a  

2 ) t a  v ) - h a a  1 .  ' -  
, 1 0

f  /  1 \  
' l

- . - f - { \ , , -  |  ; ) * l  a 'H hd 'a- " (L 'h- \ ' !

= (E h(D)(a !J\.

HeIe. then, is a wonderful machine for generating new solftions' with higher and

tower energies if we could just find one solution. to get staJtedl Wc call Il+

laiLler opelators. because they atlow us to climb up and dowD in energyi d+ is

the raising operator, and a the lowcring op€rator' The "ladder" of statcs is

illustrated in Figure 2.5.

l9l n getti.c tned of w.iting 'dm; indeFendent schindingcr equlion, so when it s cld tloh

rhe co.texr whicn one I dean. l l ius! .dl n 1hc sch.odinger equatiotr
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FIGUR.E 2,5: The '1add6" of st1ts for the llamodc oscilator.

But wait! ffiat if I apply the lowedng operator repeatedly? Eventualy fm

going to reach a stat€ with energy less than zero, which (according to the general

A€orcm in Pmblem 2.2) iloes dot exist! At some point the machine must fail'

How car tlat lappen? We klow lhat 4 ry' is a new solutioh to the Schddiryer

eryation, bn there ts ln guarantee thar it wiII be rcmalizabk-ir nn9ht be zno'

oiits square-integral rnight be infinite. In Practice it is the fo.mer: There occus a

"lowasl rung" (ca[ it /o) such that

a- to=O.

We can use this to detenni.F toc!):

#Q**^')r":"'
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d,l'o

This differenial equalion is eaiv to sotve:

, ,  __ _for_ ,  66n.r.uu
I iw _- .  - : -  I  \d\  -  tn, t t  th.l ,lto h J

lta?) : Ae-t-'

We night i.s well nonlalirc it nght awav:

e ^.,/ lh dx Vf

so A2 = Jia/tti' ^.'dherce

1=Vf  I

To detemine the energv of tbis state we plug it into the Schijdinger equaiion (in

ti'" i"* .iii.""". ilsr \' h,(a+a + i /2)'!o: Eo'o' and exploit the ract that

a,llro =lt

Eo: 
;h '  

t2 60l

W-lth our foot now secureiy plante'don thc botrom rung (lhe ground stale of the

ouanr,rm o,. iUaorr '  we ' impl)  appb rhe rar ' ing operdror In pearedlv) lo genetare

.,i" excired ,Lare'.2o incred\ing lhe eneJg) by l@ $i$ each slep:

t,(.{) = A"(a+)'1y'0(r). with En = ( . l)-'

t2.s9l

12.6rl

where A' is the nonnarization constant Bv applvint"$:'fr:':il['ff:[:::tt
edly) to t0, tlen, we can (in pr;nciple) consl

-,, 
". 

*" r." *--":*,rt,:, t, t1"{:i11.;f;:T;'bxT;,1,r;$:*:ffii:it:
ni:ch.e aud nmbef thc suhs \Mos qrth I :0 iist-d

i'-li 
"i'-"'" " 

r. ̂  tq,r'o1 I r^notrd br ar'ereo '!rordinsrv

",,.,..),i:,11.":",,f;:":1,.'"i;1,11"::,."i;':',,:r;#s*,!i,liil;:ijr*:
il::T:Jl.',ii.,:;l,i :T;; ff i::'.:;i:ilT".,i", "'". * -;' ; -' "'* *'
laddes would itr irl be identic'l

1 n

\ " h  )
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the hafinonic oscillator. Meanwbile, without ever doing that explicidy' we have

deternhed the allowed energies.

Example 2.4 Find the tust excited srate of the hamonic oscilator'

Solution: Using Equarion 2.61,

t r,t : r," + to = # ^. 1- f . *') (H)" "

:n(ffi)','ff,. **
We can normatize it "bY hand":

Qa1

so, as it happ€ns, ,41 : r.
I wouiili't want to calculate 1y'50 this way (applying the raising operaror 6av

iime,s!), brlt never mind: ln pinciple F+Ealioa 2-61 does the job-€xcept for lhe

normalizatiorl.

You car even get the nomalizaiion algebraically, but it takes some farcy

footwork so waich closely. We I(IIow that al f" is proportianal to 1trt"!r'

a+11" : cn1b"+r, a-'lt": d,'!'" r Q.631

but what are the ptoportionality factors, cn arl 4? Erst note that for "anf'z

tuDctions /(r) and 8(.r.),

{ -  r . ro+da' :  [ -  @*n-ea'-
J -6  J  6

(ln &e language of linear algebra, a+ is dle hermitian conjugate of a+ )

l- rr',t o, : -+= !l*r (*,f * -.,)' *'
22of @u6e, tne i ecr,ls N$ edll, dd tltr mes that /(i) 4d 8(r) flut so to uN ai

12.641
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ard intesrarion by parts takes ! f. (dg ldttt.1,t to - I@f/dx)+ 8 dx (tbebowdart
terns vanish, for the reason indicated in footnote 22I so

I  t @  f l  , r  \ ' l '  / €
I  t ' v ,e ta t= , - l  I  l l ' h+  -  mut l l l  sd r - l  @+t t ' sd ( .
J -  

-  
J z h m o J  @ L \  d \  )  J  J d

QED
Itr particular,

t'6

J__@+'l'"\'(a+.1'") 
dx : 

J_@@+ar.lD" 
1b" dx.

Bur {;nvoking Eguariotrs 2.5? and 2.o lr

a+aj,": nl 'r .  a a+l '":{n+1)!r", t2.6sl\

/-
v^P l* w,*,t'a': o+ t1 l* p,( a,.(a+ltn\+ @+rlr,) dx :

(a_1D'@ 1t'r, d' :t: v^( l' w, ,t'a':,l* rnt'a,.

But since iy'" and iy',rl are oormaliz€d, ir tollows rbar lr,lz - z I I aod 14lu - z.

"+,t": "6 
n/"+r, a-V" = Jn,,l,, , t2.661

,t,:,+, t : i.*,t, 
: jt Jn.

u : j*u : fi1o*1.,1,o.,1,n 
: fio*.1,, : I r.ru'ro,

and so on. Clearly

u:20Ju, 12.67)

which is to say that the norroalization factor tu Equ^tion2.6r is An: lle'tt (i^
particular, Ar = 1, confmring our rcsult in Example 2.4).
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As in the case of the ininite square weli, the slationa.ry states of the harrnonic
oscillator arc orthogonal: 

te

J_*ti,t'"a,: u". t2 681

This can be pmved using Equation 2.65, and F4uation 2.64 twice first movirg
d+ aod then moving a-:

I*-r;,r* ,,7,0, :, l* ,4,t, o'
f 6  / @: 

J_*@-\t ^\-(a-,1'") dx - 
l_*(a+a-,lt^r"t^ 

dx

. I @
:n 

J _,t ; , t " tu.
Unless u : n, trfJr' I !'*!'rdx must be zem. tuhonormality means that we
can again us€ Fouder's trick (Equatiotr 2.34) to evaluate the coefncients, when we
expand V(r,O) as a linear combinalion of stationary states (Equation 2.16), and

lcil2 is again the Fobability that a measurement of lhe energy would yiela the
vahe E"-
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Example 2.5 Find the expectarion valne of $e potential energj/ in the nth state
of the hannonic oscillatm.

Sohtion:

n : ()-.""1 : tu-,' 
l* v: * *, a"

There's a beautiful device for evaluating integals of this kind (involving powers
of i or p): Use lhe definitior (Equation 2.47) to exF€ss t and Z in lerrns of dle
misiry atrd lowerifg operarors:

In this exrnrple we are i erested io 12:

*:f i la*f + <"*a-) + (a a) +@)2f .

So

o : 
! | clal * @+a-) + (a-o+) + (a )2fh dx.
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But (lt+)zy't is (apart ftom nonnalization) &+2, which is orthogonal to ry'i, and
the same goes for (a )21y'r, which is propodonal to lli"-2. So those tefl$ drop
out, and we can use Equalior 2.65 to evaluate the remaining two:

*Problem 2.12 Fitrd (r), {p), (i'?), (p'z), and (7), for the rth shrionar/ s.ate of the
harrnodc oscilator, using the medrcd of Example 2.5. Check that the unceftainty
DrinciDle is satisfied.

Prcblcm 2.13 A particle in the hamronic oscillator potential starts out in lhe state

v(,,0) : At3f0(i) +4fi(J)1.

(a) Find A,

(b) Construct v(,r,, and lv(i, rl'z.

*Problem 2.10

(a) Consnuct /r(:r).

{b) Sketch ly'o. /r, and ,y'2.

1c) Check the orthogonality of 1y'0, fi, and ,y'2, by explicir ifte$ation. ,riint E
you exploit the even-ness ard odd-ness of the functions, liere is really orly
one i egral leIl to do.

As it happ€ns, the €xp€ctation value of the potential energy is exactly hdr rhe
total (the other hall of coursq is kirctic). This is a peculiarit of the harmonic
oscilaror as we'[ see later on.

*Problem 2.1 1

(a) Compute (r), (p), ("), and (p'?), for the sraoes iy'o (Equation 2.59) alld 1y'r
Gquation 2-6?), by explicit integration. Crn le,rt- In this and other pmblems
involviDg the harnonic oscilator it silnplifres natte$ if you tutroduce the
variabte ( = JntojE x a]||d the cogstallr d = (nro/tth)t/4.

I
ib) Check the Dncertainly parnciple for these states-

- {c) Compute (?) (the average kinqic energy) ard (y) (the average potential
energy) for these staies. (No ne* htegration allowed!) Is their sum what you
would expect?

wt:f;<,+,+r>:)^(,.:)
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tc) Fird (r) and (p). Don't gei too excited if they oscillare at the classical
frequency; what would it have been had I specified ry'r(r), iDstead of /r(')?
Check tbat Etr€Dfest's theorem (E4uarion 1.38) holds for this wave tunction.

ff you measured lhe energy of this parricle, what valu€s mighr you get, and
with what probabilities?

id)

Problem 2.14 A particle is h the gmund state of the harmonic oscillator wirh
classical ftequency o, when suddenly ihe sprins consranr q adruples, so rrl : 2o,
without inirialy changins the wave tuncrioD (of course, V will now erohe differ
elrily, because the Hamiltonhn has shanged). Wlar is the Fobabiliry that a mea
surement of the energy would still refirm the value Aol2? Wlat is the pmbabitiry
of eetory ha'l lAn$er: 0.943.1

12.721

t2.7l l

12.',741

I2.7sl

2.3.2 Analnic Method

We retum now to the Schttdinge. equation for the harmonic oscillaror,

h2 d21b I- 
2n dr2 + 2na"r.!r: 

Elt, I2.7Ol

aDd solve it directly, by the series merhod. Things look a linle cleaner if we
introduce the dimeDsionless variable

ltna' -v n-"
in tenns of I the Schritdinger equation reads

, -  -  (E '  K \0 .
u< '

where tr is 1be energy. in ]Jx,lts ot (l/2)hb:

12.7 tl

2E

OuI problem is to solve Equation 2.72, and in rhe proc€ss obtain rhe "allowed"
values of r (and hence of E).

To begin with, note thar at very laige 6 (which is to say, at very large .r), !2
completely dominaies over the constanr r, so in this rcgime

.lz'b.,. r,t 'a a '

which has the approxhate solution (check ir!)

tG) - Ae t'./2 + Be+E1/2
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The B tom is cleatty rct nornMlizable (it blows up as lrl -) co)i the phvsically

acceptable solutions, then, have the asymptotic folm

\b@-( \ee ' /2 ,  a t ra rye  t .

This suggests that we "peel ofi" the exponential part,

!'G\:h('e'€'t2'

h tE t :  an+  a1E  +  q t ' +  '  =  La j€ ' .
j.4

Q.761

12.771

in hop€s that what rcrnains, h(6), has a sinpter tunctional foIm tian t(t) itsetf r

Difierentiaiing Equation 2.2,

dv -14! ,1, \"  " r ' '/E \d4 /

and
dr , ! ,  l dzh  

" ,d ,  
,  , . r _  , , 1 , \ "  . , r ,' da !  

\ re '  
' ^ l 1 .  '  ' '  t

so the Schddinger equation (F4uation 2.72) be€omes

ffi-,tft*w 'o:o. t2.7sl

I pmpose to look for solutions to Equation 2'78 in he forT\ of powet series

n t :%

e.791

Ditrerentiathg tfie series term by teY

i h
" j !  .o1 '  z" ,s  +to. t ' -  . . - l i ' , t i  ' .

i o

d l  =u ,+z . ta t - t .AaaE2+. .  ) l t r  ,  t ' g , : to ;  .e t
dE, A

ENote tlat ,ltholgh we idoke<t snc aPprcximlic Io mlivdtd Equatior 2TT' vhat fol_

loss is e.t The dwie of lEippiog off the arvmgtoric behavior n the sttndard liBt step h

G !@q senes @tnod for sui! airw"tia equ"ti*" w, for empl€, Boas (f@tlote 11)'

2aanis is know. $ tle Fmbeis EedDd fo. solvins a ditf*.tial equlioL A@ording to

fa\loi. th6m, ey @onably *ll b.laved tundoo cd be erpRsrd
C{udu@ r7o ordindly rnwlve! no los ol e€Malir For mnditi6! on the appr'ib'xtv or he

-;hod s€ Bo$ (fod;ote 11) d G6ige B. AI{ten ed trs'luEt*we}ta Mathenetical Meth''rj

F.P/ryscirrJ, 5& cd., Academic Ptss, Orbtdo (2000). Strtidn 3J
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Putting these inro Equation 2.78, we find

L L | J  +  t t t J  |  z ) a j t 2 - z j a r  I  ( K  -  I ) a j l € l  = 0 .

U + I)A +4a +z -2 a + (r - l)a; :0,

53

It folows (from the uniqueness of powe. series expa$ionsa) that fhe coeffcienr
of 

"?rc, 
polrer of 4 must vanish,

t2801

t2.811

and herce dlat
(2i +1 K\oj+2: 
u + r')(i +z\aj'

This rcflrsion fomrula is entirely equivalent to the Scfuitdinger equation.
Starihg with ao, it Senentes all the even-numbered coefficieDtj:

_ (r-,() (5-& (5 lr)(r r)a2 : 
2 

an, aa: 
n 

a2 = 
zl-aj, 

. .. ,

and starting with d1, it generates the oald coef8cients:

(3 -,<) (7 K' Q , K)(3 _ K)
a J -  - -  a t -  a 5 - - ^ ^  a t - - , ^ ^

6 '20 - ' 120

2
ai+z - jaj,

IS@, fo. exdple, Adt€r (f6dlo€ 24), Sc.rion i-7.

We wriie the complete solution as

tG) : r**(l) +l"aa(f), 12.82)

h-""(t\ = an + azt2 + aEa +...

is an even funcrion of f. buiir oo a0, and

h,uG) = aG r a$3 + asls +...

is an odd tunction, built on al. Thus Equation 2.81 detemines ,(t) i! ienns of
two arbitsary comtaffs (ao ,nd al)-which is just what we vrould expect, for a
second-order differcrtial equatiorl

However, lot all the solutiois so obiajned ale nonnalizable. For at very 1arye
j, the rccursion fomula becones (apFoxima&ly)
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with the (approximate) solunon

C
aj x 

( j  P)t '

for some constant C, and this yietds (at large 1. where the higher powers doninate)

no*cl$;i-cl l t i  -c"t ' .

Now, if i goes like exp({2). then 1, (rernenber f?-thais what we're aving to

catculate; goes tit<e exp162/2) (EqDaiion 2 77), which is precisely the asynptotic

hehavior wc ilitln't wz,nt.26 There is otrlv one way to wiggle ou1 of this: For

nornalizable solutions tl" po)ter rerier must teminlTte There must occur some

"highesf' j (crll lt n). such that the recursion fonnula spiis out d,+2 :0 (this will

truicate eirlrer the series nerei ,r the senes todd: the dt'er one must be zero from

the stan: ar : 0 if n is even, and ao : 0 if n is odd) For phvsicallv acceptable

solutions, then, Eqoation 2.81 Equires that

K : 2 n + 1 .

for some non-negative ideger 't. which is io sav (refering to Equation 2-73) thtl

E"  :  ( : '  +  ; )  
h . ,  t $  n  :o .1 ,2 . . t2.831

Thus we re€over, by a completelv different mednd, the turdamedal quantization

condition we found algcbraicalty in Equation 2 61'
It seems at first rather suryrising that ille qu'zntization of energy should

enerse from a tecbdcrl detail in th/power series solution to the Schritdingel

eouation. but lefs look at t ftom a diffelenl penp'ctive Equation 270 has

soiutions, of course, for azf value of g (in fact, ii has two lin€arlv independent

soluiions for every t). But almost ali of these soluiions blow up exporcntiallv at

large r, and henc€ are not romralizable lJnagine, for example, using an.t that

is sfigt'tty tess than one of &e allowed values (sav,0a9n"r), and plottrng the

"otution 
ingu.. 2,6(a)); the "lails" flv off to ininitv. Now tv an E slighllv |ltryer

Gay, 0.51h;)i the "tails" now blow up in the ,rtel dir€ctior (Figure 26(b))- As

you t*eat rlre parmeter in ritry increments from 0 49 to 0 51, the tails flip over

wfren you pass tt'rough O-5-only at pre.isery 0 5 do the tails go to zero' leaving

a nomulizable sotutior."'

26lt s no snorise tld &e iI behavcd sohto.s @ still co ain'd i! Eqmtion 2'81: this EcBion

Ehtion n equivalmr to 1he sctrijdinget equation, so its 8'r to include bodr mc dvdpbrlc loms we

'/l' 
'. Do, rhl" ro .fl $r Lp or , oDprter, drd di!'a\cr $r ' lored eodgr'' ern'rmnlr\

Yor  q .ghr  uU r  th "  mg rhe  do i  nehod:  w l rn  he  k  wac!  ) 'L  knot r ,ou- \c  i r r  n&scn o \ r 'n

rlloved value. Sce Probldd 2.54 2 56
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FIGURE 2.5: Solutio$ to the Schiidingq e$arior for lal E -- O'49 t'a' ^d

lb)  E =o.sl ta.

For the allowed values of r, the recursion fomula reads

-2(n - !La,. t2a4l
.  

a j+z :  
u  +r )u  +2) ' r '

ff n : 0, therc is only one tefm in lhe sedes (we mist pick dt : 0 to kill 
"odd'

and j :0 in Equatiotr 2.84 Yields a2 : 0):

l'0(€): ao,
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(which, apart from the normalization. reproduces Equation 2-59). For, : I we
lake ro = 0.23 and Equalion 2.84 with j = I yields ar : 0. so

hr(1\ :  aG,

! \(  = ate t ' t2

(contunins Equation 2.62). For n :2. j :0 yields l12 : 20, and j :2 gives

and

h2G) = anlJ -4\,

.!!2G): a4Q 42)e'E'/2,

a.d so on- (Compare Probl€m 2- I 0, where this lrst rcsult wrs oblained by algebraic

In general. ,,(1) will be a polymnial of degree|l in !. involving evcn powen
otrly, if ,i is an even integer and odd powers only, if r is an odd integer- Apart
from the overall faclor (do or al) they are the so called Hermite po['nomials,
l1,G).':e The first few of then are listed in Table 2.1. By trad;tion. the arbitaJy
multiplicative factor is chosen so thai the coefficieDt of the highest power of €
is 2". With this convenlion, the normalized3o stationaly states for the hamonic

r. , ' ,=(#)" hHrc)e 
'z/2 [2.8s]

They are identical (of course) to the ones we obtained algebraicany in EquatioD 2.67.

r'
TABLE 2-1: The tust few Hernite
polynonials, 11,(f).

H o = t '

4 =2e.
Hz=4L2 z'
4=8\ ' r z \ '
H4=16a1 48a2 + 12,
as = l2E5 160E3 + 1206.

^Notc dDt $m is a conplerelt difarcnt st ol coefhci€.rs al ior cach vatue of 
".2eThe Hemne polynoDials have been studied extensively in the mathenalical licatu.€, and

the€ e I@y iools ad tricki l{tr *orking wilh rhen A iew of ihese ft erplored in Poblem 2.1?.
sI shall rot work o thc nomaltalion comtanr heretifyouaE inteEsted in krcNing how it is

done, see for emplc L@nad Schi€, A@tM M.chdics,3rd ed., Mdlarv HiI, Nev York (1968),
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In Figure 2.7(a) I have plotted /"(-t) for $e first few n's The quantum

oscillator is strikngly different from its classical counterpart not onlv are the

energi€s quantized, but the position distributions have some bizarre features- For

instance, the probability of finding the padcle outside ile cl,ssica v allowed nnge

Chat is, with x greater than the ctassical anplitude for dre €nergv in question) is

rlot zero (see Problem 2.15), and in all odd states the probabitiry of fiflding the

pMicle ,l rhe cenler rs /ero Only al large 11 do we begin Io 'e€ some resemblance

io fte classicrl case. In Figure 2.?(b) I have super;nposed the classical position

distribulion on the quantum one (for n = 100); if vou smooihed out drc bumps,

the two would fit pre$y well (however, in the cl,ssica] case we ffe talking aboul

the distribution of positions over rim? for ot€ oscillator. whereas in the q artum

case we are talkngabout the distribution over an erren,le of identically prep, ed

Problem 2.15 In the groutrd state of the hamronic oscillatot what is the probability

(corect to tlree significant digits) of finding the particle outside dre classically

allowed region? l/r,rr Classically, the energv of ai oscillator is E : (1/2)kd' :

(l/2rnt];2. 'xt'erc a is the ampliiude. So the "classicalv allowed region' for an

o.iiriuto. or .n"'gv r' "*t "as 
i.* -JiE ti"? a + JiE 1 n& . roox t a rr'atr

table under "No;al Distribution" or "Enor Funclion'for the numerical v'lue of

the iniesrai.

Problem 2.16 Use thc recusion formula (Equatior 2.84) to work out d5(6) alld

116(€)- Invoke lhe conventior that ihe coefficient of the highest power of 6 is 2"

to fix the overall constant.

'r *Problem 2.17 ln this problem we explore some of the more usetul theorcms (stated

without proof) involving Hermite polvnomjals

(a) Tbe Rodrigues formula says tl'at

H,(0:( $"€'(t) t2.861

Use it to deive E3 and fla.

{b) The folowing recunion relation gives you tli+l in terms of ihe two preced-

ing Hermite Polynomials:

H"+1G):24HkG, 2nH"-t(  .

Use i! bgether with your answer in (a), to obtain H5 and H6'

12.8',71

'lfte 
rmllel r. p.rhap moF otrr il Jo I nkrPrr d' cid n ' dluibunon a' u en'cmble or

.*dlaros Ji 
".d" 

dr. {m. encra,, our t h mncLm \hurB !ra\'
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2.4 TIIE FRXE

FIGURE 2.7: (a) The tust four statiody statq of the harmonic oscilator. This
matsial is used by pedission of Joln Wiley E Soff, Inc-i St€phd Gaiorowi

Q@fltun Pbrsi6, Joha \Xttley 6. Sons, Inc., 1974. (b) Graph of lflool', with rhe
.Ls.i.,l .|nFit ',ri-" r.l".t'",i ." ^.1 -,n.rimnn..r
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(c) If you differentiate an nth-ofller polvnomial vou get a polvnomial of order

(z - 1). For the Hermite polynomials' in fact'

12.881

[2.89]

dft:un, ,tt '

Check rhis, by differentialing fi5 and fl6.

(d) A'(6) is the n$ z-derivative at z : 0, of the generattug function exp(-22 +

2za); or, to put it another way, it is th€ coefficient of z'l'! in the Tavlor

series expansion for this functio

: )- ia,ter.

Use this to rcderive go, }1r, and }I2

2.4 TFIE FREE PARTICLE

we tum next to what s,',o,/d have been the simplest care of all: the free particle

(Y(r) : 0 everyryhere). Classicallv this would just mean motion at constant veloc

itv, tot in qountot" *e"ttanics the Foblem is sur?dsiryly subde 'nd aicky The

time-in{iependent Sctuitdinger equation reads

h2 ,12.1,

d'lJ . \/ zn L
-  =  k -v '

So far. it's the salne as inside the iDfnite square well Gquation 221)' where tbc

ootential is also zero; this time, however' I prefer to write the genenl solution in

exponential forn (instead of sines and cosines), for reasons that wiLI appear in due

lr(x) : Aeik' + Be it"

12.901

12.9rl

Unlike the iDfinite square we[, there are no boundary condilions to €stnct the

possible values of tr (and hence of E); r]re free particle can carrv dn] (positive)

energy. Tacking on the stadard time dependenc€, exp(-i Et /h)'

\p (', t) = Aeik?- *') + B e ik('+ Xt) -

Now. a'' tunction of .x anal r rhat depends on these variables in &e special

cornbination ir t r.,O (for some constant l) represents a wave of fixed profile'

lraveling in the +r-dircction, at speed r. A 6xed poid on the waveforn (for

t2 921

12.931

Le
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example, a maximum or a minimum) conespoDds to a 6ied lai r ol lie argumenl.
aod hence ro t asd r sucb that

_r t 0r: constad, or x: +ur + constarit.

Since every point on the waveform is movi4 along with the same velocity, its
rrdp? doesr't chaig€ as it Fopagales. Thus the 6rst temr itr Equatior 2.93 repre-
sents a wave tmveling to the rigfu, and the secod repres€nts a wave (of the same
energy) going to the l"l- By the way, since they orly difier by the tiSt in ftont of
k, we might as well write

vk'.t): Aei(k'-*' '

and let.t rm negative to cover the case of waves Eavoling to the left

, , 't1;E ..1 | I > 0 -+ rraveling to the rigbr. r, osr*:  = 
h " 'u |  *  o - l  navet lng Lo the lef t  tz lr l

Eviderdy the "statiomry states" of the free particle are propagating waves; therr
wavelergth is I : 2nlu.1, and, according to the de Broglie formula (F4uation 1.39),
they cady momentum

p = hk. 12.961

The speed of the& waves (the coefficient of , oYer the coemcient of r) is

hlkl
D $ e M = - :

On the other hand, the clar.ttddJ spe€d/of a free Particle with energy t is given by
F = (l/2)nt 17 (pnre kifttjc. since v - 0,. so

'lrE ^
,.rassicat = 

v 
- : z,qmun.

Appareffly the quantum mechanical c/ave function trav€ls at IIdff the spe€d of the
pafticle it is supposed to repr€sed! We'll retum to this pandox in a momed lhere
is an even more seriors problem we need to confront fusL This wave functitn b
not nontalizeble. For

/* 
*;**a, : tet'/* dr : tArz{oor. 12.eel

In the case of the ftee particle, &en, the sepamble solutiotrs do not represena
physicaly realizable states. A frce paticle cannot exist in a stationary state; or,
to put it another way, thare is no sdch thinq as a ftee pafikk u'ith a dzrtnitu

p.e41

t2.981

12.971

d
t
ti

(

t
I

.1
d
i

1
I
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But lha( doesn r mean the sepa€ble solutions are of tro use to us tor lhey
pl?y a nurhe,atical Iole tlEt is entirely independent o{ their pbdcal interpre-
tatior The general solution to the tinedepe ent Scbdjdinger equation is still a
tircar combimtion of separable solutions (oDly this time it's an integral ol€r the
continuous vrriable /i, instead of a slz over ahe disoete indei n):

va.o:fi !* oa\ei(k'-*t) dk. [2-100]

12.1O1)

This is a classic problem in Foutier analysis; the ansq/er is provided by Planchercl's
th€or€m (se€ Prcblem 2.20):

Cfhe quantity 1/!6 is factored out for convenience; what ptavs the role of the

"oetfi"i*r "" 
ir Equation 2.1? is tI€ combination (I/J-h)O&)dk.) Now this

wave frinction .u' be uomnlized (for appropriaE d (,t)). But it necessarily canies
^ range ol k's. and hence a ralge of energi€s and sPeeds. we call it a wave
packet.32

In ihe genedc qu3ntum problem, we arc gtuen V(r,0), and we aie asked to
jnd v(t, a). For a nee particle the solution takes the form of Equation 2.100;
the only questiotr is how to detemitre d(ft) so as to match the initial wave

firnction:

va.ot:fi !* o*vtuar.

ra>:fi l** r<nv* oo,.- rrr>:fi li re)e-ik'dx.t2.1O2l

F(&) is ca ed th€ Foudcr transrbm ot J(.r); t(t) is the inver; Fourier traDs-
form of F(t) (.he only difierence is itr tl€ sign of the exponetrt). There is' of
cou$q some restrictiotr on the alowable functiotrs: The itrcgrals have to ettst "
For ow pffposes this is guaianteed by the physical requirement thal q(r,0) itself

s2simsidal wavd dtend our a,t i.filiry, ad tlDy e norDotuln^tie. Bd superpolitiN ol
srch waves l€ad ro itErfru, which tlows for lcaliztion and notut6bittv.

33'flie nmory ad sumcioi ordition @ /(r) is trd /:- l/(r)|'?r, b€ /tn 0! ltlar

cde /:- l.(l)l'?lt i' al& 6nite, and in fa.r lhe N6 intesnls @ equa-L) se Arfken (J@trlote 24).
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be normalized- So the solution to the gen€ric quanlum pioblem, for the ftee palticle'

is Eqlatiot 2.100, with

o'r.,: j , l* *o.o* 'u'a,. 12.103)

Example 2.6 A ftee particle, which is initia y Iocalizedinfie range

is released at time t :0:

-  | ' 4  J
v { . r . u r - l ^  ^ ! r . - -

I u. uuEr wrse'

where,4 and a are positive rcal constaffs Find V(r. t)'

Solution: First w€ ne€d to nomalize E(t,0):

Next we calculate d(,t), usn€ Equation 2.103:

t a  |  .  t r r ' a

a,n . j, Jfr J "e 
tL dx zuaa= i* | ,

t  l " ' b 7 "  i ' \  |  s i n ( * a )

rJ;i( i  )-.r," ,

Fillally, we plug this back into Eqt;tion 2.100

*,',,, = ! 1* "i"r!"t "'t-$" 67
n\ /za r -6 '

r : l- vo,otP a' :vt2 !",a' 
: u1t1' '. o = 

h

p.r04)

Unfortunately, this integral carnot be solved tenns of element'ry functiotrs'

thousb it car of course b€ evaluated numerica v (Figde 2 8)' (Ihere are' in fact'

precious few cases in which the integral ior Vir, t (F4uatiotr 2 100) cd be cal-

;uked explicitll see Problem 2.22 for ^ pafll'c$larlv beautifid example )
It is iiluminating to explore the limiting cases. ff a is very small, th€ stading

wave tunction is a nicely localized spike (FigIe 2.9{a)) In this case we can use

the sma[ angle aPp.oximation to wdte sin(frd) ! ftd, and hence

6ro> *



panicle,

I2.r03l

FIGURE 2.8: Graph of l'r(t, t)12
t =,,142|h lttf cjdtrrc).

Sertioi 2.4: The hee Partacle

(Eqution 2.104) a! t = 0 {the lcctaryle) and .r

a

t2.l04l

functions,

FIGURE 2.9: Exarnpte 26, for snal a (a) Gra9h of v(a 0)' (b) GmPh oI d(t)'

it's /zt, sirce the *'s canceled oui (Figure 2.9(b))- This is atr example of lhe

uncertainty pdnciple: ff ille sPread in p"stt"n is small, the sprcad in m'mztttm

(and hence in t-see Equation 296) must be large. At th€ otber extseme (L'rye

d) the spread in position is bmad (Figure 2 10(a)) and

la sr0\ka)
6(k t ' , ' l  n  G

Now, sinz/z hrs its maximum at z = 0, ard alrcps to zero at z = 1 T (which, in

this conter! mealls /. : t z/d). So for large @, O(k) is a sbarp sPile about k :0

(Figure 2.r0G)). This time it's got a well{efined momentun1 but an ill-defined

positioIr'

in fact,

startmg
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rl
p

d

FIGURE 2.10: Exanple 2.6, for larse a (a) GraPh ol v(', 0) (b) Gr{'h of d{&)'

I retum now to the Paradox noted earlicr: the facl that the separablc solution

*k(r, t in Eqoalion 2.94 travels at the "wrcng" speed for the particle il osten

sibly represents. Strictly speaLing, the ploblem evaporaled when we discovercd

thai v& is not a physically realizablc state. Nevertheless' il is of interes! 1() dis

cover huw intormal ion sboul telo( i t )  lJ contalned rn rhe l ree parr 'L le $rve fuBcl ion

rEqua on ) 100,.  The essenrrd idca i .  thi . :  A ua!e pa.ke r '  a '  perN' i rron ui

simrsoidal tunctions whose amplitude is nodulated bv d Gigure 2.11):it consists of

"ripples" contained within an "envelope." What corresponds to the padcle velociry

is ;;t dle speed of the individull ripples (fie so called phase vetocity)' but mther

the spe€d of the elvelope (the group velocitv) which, depending on the nalure

of thi waves, can be greater than. less ,liaa or equal to, the velocity of th€ ripples

that go 10 nake it up. For waves on a string, the group velocity is the same as the

Dhase velocitv. For waler waves it is one half the phase velocity. as you may navc
'noticea 

when you toss a rock into a poid (if vou concentrate on a p'nicular ripple,

you will see it build up from lhe rear, move forwaJd lhrough the group, and fade

away at the front, while lhe group as a whole propagates out at haff the speed) Whai

I need to show is that for the wavc function ol a ftee particle h q'rantum nechamcs

IIGURE 2.11: A wave packct. The "cove
lope" travels at .hc group velocityj tllc '.rip

pleJ' travel at thc phde velocity.
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the group velociry is twt e the phirse velocity-jus! right to represent the classical

paticte speed.
The problem, then, ;s to determine the goup velocitv of a wav€ packet with

I r'+6
' l , t . r . r t  -  , '  I  a , * ' " i ( "  ' t a *

./ tn r 6

(In our case (, : @k2 /2n), but what I have to sav now applies to dtr] kid

of wave packet, regardless of its dispeEion rclation-the formula lor 
" 

as a

ftrnction of lc-.i Let us assune that d(l) is naflowlv peaked about some particulT

value t0. G]lere is nothing tregal about a broad spread in k. but such wavc packets

change shape npidly-sinc€ different comPonents travel at different speeds so

the whole notion of a '!roup," with a wel defned velocirv, loses i{s mean]ng-)

Since thc integrand is negligible exc€pt in the vicinitv of ko, wc mav a5 we

Taylor-expand the tunction zr(l) about that point, ard keep only the ieading terrns:

olk) = .'o + do\ - kd ,

where ol is the derivative of o with respect to fr, at tl€ point to-

Changing rffiables ftom I to r = I - tro (to center the integal at to)' we

O&o+ ieith+n' 
(ao+oi,s)rl dr.

4 (ro + r) ei (ro+t' dr,

. 1 , , - . . , r  -  |  
? ' ,  a t  r o - o t t  

/ ' '  d . o o  , , u " '  " '  "  ' d r .

J 2 n  J a

Except for lhe shift from -r to (x .16r), ihe integral is the sar4c as tlre one ln

v(;r,0). Thus
v(x,t)  = e- i( 'o h' ; ) ' , I , ( r  - , r6t ,0).

Apa( ftom the phase factor in frcnt (which won't affect lql'?
wave packet evidently moves along at a speed .16:

t2.r05l

I rr+€

I lr+-

! zn  r -6

(evaluated at t : ko). This is to be contasted with the ordinary phase velocitv

t2.r06l

[2.1011
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tn ov case, a = @k? /2m), so alk: (hk /2n). wbercas d@ldk: (hk/n), whnc],]

is twice as great. This confrms that it is the goup velocitv of the wave packe!

not the phase v€lociry of the stationary states, that matches the classical particle

u.lrssbal: uooup:2uph6e 12 108l

Piobtem 2.18 show that [Ae'k + B a-ih] and [c cos.tr + D sin kr] are equivalent

ways of wdting the same function of x, and determine the constants C and ' in

terms of A anJB, and vice versa. Connert: In quafim mechanics, when y = 0'

rbe erpooentials represenl lfarPlins wa\es and are mosl coole enl in discucsing

the free particle, whereas sines and cosines conespond to aniling waves, which

arise natually in the case of th€ infnite square well

Problem 2.19 Find tlrc pmbabiliry curc , J (hoblem 1.14) for the ftee panicle

wave funciioD Equation 2 94. Wltich direction does the probability cunent flow?

**Problem 2.20 This problem is designed to guide vou tbrough a "pfoof" of Plan-

cherel's theorea by scartiry with the tlEorv of ordinary Foude' series on ar"e

interval, and a owing dlat interval to expand to iDinity.

(a) Dirict ets theorem says that "anv" function /(r) on 6e inte al [-d,+a]
caIl be expanded as a Fourier series:

I  i t  = Lla" smtnrx /. tr + b" cosnzr/a)l

Show that this can be wdtten 
"q{iuat"otlv 

as

What is c", in l,errDs of .z' ard ,r?

(b) Show Oy appropdate modification of Fourier's trick) that

(c) Eliminate n and cu ir favor of the new variables k : (nt /a) and F(k)

v4Eccz. Show &at (a) and (b) now become

/{\) - l  )- r ' tr t"tual: Ftkt - E- |  trt tc 
'k ' , tx

' /2tr  ̂ -e ,  rzEr o

where Afr is the increment in t ftom otre , to the next'

I

l
*n
h

Pr

\-

,:Il*'rav -"'a'
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(d) Take the limit d -+ oo to obtain Plarcherel's theorem. Cammen| In iew
of their quite different origins, it is surprising (and delighttui) lhat fte two
formulas one for F(k) in terms of f(r), the oth€r for f('I) in terns of
F(.t) have such a sinilar structure in the limit a + co.

Ir l08l

valent

Problem 2.21 A f.ee particle has the initial wave function

v 1 , o ) :  A e  q ' 1

where A and li are positive real constanas.

(a) Nornalize V(r,0).

(b) Find d(r).

(c) CoDstruct V(r, t, in the form of 3n int€gral.

(d) Discuss the limiting cases (a very large, and l' very sma[).

Sketch lvl2 (as a tunction of i) at t : 0, and agair for som€ very lffge r.
Qualitatively, what happens to lvl2, as rine goes on?

Find (r). (p), l'2), \p2). ",. 
^t\d 6p. Patial answer: lpl) : oh2. b,tt it

may take some algebra to reduce it to tlis simple form.

Does the uncstahty principle hold? At what time t does the system come
closest to the urcerrairty limit? .

D i n

ussmg
rvhich

panicle
noiv?

of PIan-

l-.. +dl

*Problem 2.22 The gaussian wave pack€t. A ftee particle has the initial wave
tunction

v( ' ,o):  Ae a" ,

where A and l' are constants (d is real and positive).

(a) Normalize V(r,0).

(b) Find V(r, t). Hiat: Inlegrals of the form
t+6

I e \ax.+ba d,
. / -6

can be handled by "completing the square": Let r' = ^/6V + (b/2a)1. a\d
rote thar (d.r2 + ,r) : )z - (a2 /qa). ln:wer:

t  )n  \ tA  c -a ;  l .1 t2 ,h r t tn l
\ Y i r . r ) - { -  I  -' '  

\ " )  { i ; l 1 i i a t / n )
(c) Find lv(i. tl'?. Expess your answer iD terms of the quantity

(d)

(e)

l + ( zha t /n \2 '


