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Scalar field in Schrödinger picture:

�(x) =
X

|k|⇤

e

ikx

a

k,IR

+
X

|k|>⇤

e

ikx

a

k,UV

+ h.c.

Split in Hilbert space: HIR ⇥HUV Generated by UV oscillators

Generated by IR oscillators

Local, interacting theory:

HIR, HUVcouplesH =
1

2
�̇2 +
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(r�)2 +
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m2�2 +
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4!
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Z
dx�

4(x) =

Z
dp1 . . . dp4�(p1 + . . . p4)�̃(p1) . . . �̃(p4)

I. Setup
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Interactions -> eigenstates of H entangled between HIR , HUV

� = 0 : |0i =
Y

k<⇤

|nk = 0i
Y

k0>⇤

|nk0 = 0i

Thomale,  Arovas, Bernevig; 
Balasubramanian, McDermott, 
van Raamsdonk...

� > 0 : |0i = |0i�=0 +
X

nk,IR,nk0,UV

fnIR,nUV (�)
Y

k<⇤

|nk,IRi
Y

k0>⇤

|nk0,UV i
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Assume observables built from ak,IR “long wavelength”

Consider ground state perturbed by IR operator

| (t)i = e�
i
~HtOIR|0i

Probability of finding IR degrees of freedom in state |ai 2 HIR

P (a) =
X

|ui2HUV

��hu|ha|e� i
~HtOIR|0i

��2

= trPae
� i

~HtOIR|0ih0|O†
IRe

i
~Ht

= trHIRPa⇢IR(t)

Pa = |aiha|

⇢(t) = trHUV | (t)ih (t)|

• Typically a mixed state
• Dynamics: open quantum system

Most important dynamical object

What do we want to calculate?
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⇢(t) = trHUV | (t)ih (t)|

Entanglement -> generally a mixed state

| i =
X

nk,IR,nk0,UV

gnIR,nUV (�)
Y

k<⇤

|nk,IRi
Y

k0>⇤

|nk0,UV i

⇢ =
X

nk,IR,nk0,UV ;mq,IR

g⇤mIR,nUV
gnIR,nUV

Y

k<⇤,q<⇤

|nk,IRihmq,IR|

6= |�IRih�IR|

Interactions transfer energy, information between HIR , HUV

“Open quantum system”

i~ @

@t
⇢ 6= [H, ⇢]

Friday, August 22, 14



Assume finite time resolution �t

⇢̄(t) =

Z
dt0f�t(t

0 � t)⇢(t)

i~ @t⇢̄ = ?

�t,⇤�1 ?

Our main question:

• Given finite accuracy, can we parametrize LHS with a few operators?

• Can we organize LHS in powers of 

t’-t

f(t’-t)

bt
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Caveats

(1) We are not tracing out high energies E � ⇤ , �t�1

Msunc
2 ⇠ 1054 GeV

But solar physics well described by Standard 
Model cut off below 1 TeV
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(2) Momentum space decomposition of       not “universal”H
1+1-d Bose-Fermi duality

S =

Z
d

2
x

1

2
(@')2

' ⌘ '+ 2⇡R

, S =

Z
d

2
x

�
 ̄� · @ � �(R)( ̄� )2

�

(with gauged      fermion number)Z2

Ground state: no 
momentum space 
entanglement

Ground state entangled in 
momentum space

Headrick, AL, and Roberts
arxiv:1209.2428

u1 v1 u2 v2 u3 v3

A1 B1 A2 B2 A3 B3B0

⇢ = tr[iBi |0ih0|

duality invariant (spectrum and OPEs of local operators invariant!)Sn =
1

1� n
ln tr⇢n
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A. Hamiltonian renormalization
Wilson;
Glazek and Wilson; see 
also Peskin 1405.7086

Hierarchical structure of energy levels in QFT:

6EIR

6EUV

H = HIR +HUV + �hUV,IR

=

0

BB@

. . . . . . . . . . . .

. . . H22 H21 H20

. . . H12 H11 H10

. . . H02 H01 H00

1

CCA

Bands at � = 0

II. Wilsonian renormalization
Our formalism a variant of  Wilson’s approach(es)

Addresses different questions from those formalisms
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Diagonalize UV modes:

U†HU =

0

BB@

. . . . . . . . . 0

. . . H 0
22 H 0

21 0
. . . H 0

12 H 0
11 0

0 0 0 H 0
00

1

CCA

 Write         in terms of renormalized IR variables: will have support on microscopic scalesH 0
00

Consistent with standard construction of S-matrix elements for asymptotic states:
       Well-separated states noninteracting: long-wavelength ~ low energy
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For our purposes:
• What if our devices coarse grained wrt unrenormalized variables?
• Interested in high energy (                 ) states made from low energy 
(                 ) quanta. The above still works if indices label different 
towers of states with IR spacing 

E � EUV

E ⇠ EIR

Alexanian and Moreno

6EIR

6EUV
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B. Decimation of path integral

h0
out

|0
in

i =
Z

D�
UV

D�
IR

eiS(�UV ,�IR)

=

Z
D�

IR

eiSIR(�IR)
Wilsonian action

If        entangled between UV, IR, this integrating out at the level of
amplitudes assumes knowledge of final state of UV. 
|0i

Path integral for inclusive transition probabilities:
Wilsonian action -> Feynman-Vernon influence functional for �IR

Wilson

(This is fine for S-matrix elements)
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Heemsekerk and Polchinski;
Faulkner, Liu, and Rangamani;
Balasubramanian, Guica, and AL

z = l

z = ∞

z=0

R4

cuto" E ~ R  /l2

Integrate out z < l; 

c

UV

IR
z

Z
IR

(�) =

Z

�(x,l)=�(x)
D

z>l

�eiS(�)

= he�
R
d

4
x�(x)O(x)i

CFT,⇤

Z
UV

(�) =

Z

�(x,l)=�(x)
D

z<l

�eiS(�) = eiS(�)

Z
bulk

=

Z
d�Z

UV

(�)Z
IR

(�)

= hei
R
d

4
xgi(x;⇤)Oi+i

R
d

4
xd

4
y�ij(⇤;x�y)Oi(x)Oj(y)+...i⇤

C. Holographic Wilsonian renormalization
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nonlocal at scales 

induced even if UV theory is unperturbed CFT�

describes transfer of excitations from IR       UV$

z = l

z = ∞

z=0

t

t + 2l

R4

cuto" E ~ R  /l2

Integrate out z < l; 

c

UV

IR

Massless long-
wavelength 
excitation 

S = SCFT +

Z
d

4
xgi(⇤;x)Oi +

Z
d

4
xd

4
yO(x)O(y)�(x, y;⇤) + . . .

�x, �t ⇠ ⇤�1

Meaning of double-trace operators

Fits framework of introduction:  “IR” z < 1/Ec 
is (like) open quantum system
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III. Open quantum dynamics forHIR

H = HIR ⇥HUVHilbert space:

Observable “long wavelength” quanta

Hamiltonian:

Characteristic energy: �EIR �EUV

Reduced density matrix: ⇢(t) = trHUV | (t)ih (t)|

What are dynamics of          ? ⇢(t)

H = HIR +HUV + �VIR,UV
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Time averaging

Expect finite spatial and temporal resolution �t = 1/Ec & 1/EUV

Describe via “window function” fEc(t, t
0)

Peak of function

e.g.

Given operator A(t), A(t) ⌘
Z

dt0fEc(t, t
0)A(t0)

A(t)B(t) =
1X

n=0

1

(2E2
c )

nn!
dnt A(t)dnt B(t) + . . .

• A(t) has time dependence at scale
• A, B have time dependence at scale

1/EUV ⌧ 1/Ec ; ) A(t) ⇠ O
⇣
e�E2

UV /E2
c

⌘

1/EIR � 1/Ec ; A(t)B(t) ⇠ A(t) B(t) +O
✓
E2

IR

E2
c

◆

Wish to compute RHS of                      in terms of time averaged operators i~@t⇢(t) = ?

fEc(t, t
0) =

Ecp
⇡
e�(t�t0)2E2

c
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Initial state

At present we only have results for | (0)i = | IRi| UV i

Not most general but it appears naturally in this case:

HIR = C2jIR , HUV = C2jUV

H = �µIRBŜz
IR � µUV BŜz

UV + ✏~SIR · ~SUV ; µIR ⌧ µUV

Ground state is independent of    :✏ |0i = |jIRi|jUV i

Consider states of the form: | i =
⇣
Ŝ�
IR

⌘k
|jIRi|jUV i

will become mixed for t > 0⇢(t), ⇢(t)
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Perturbation theory

| (t)i = | (0)(t)i+ �| (1)(t)i+ �2| (2)(t)i+ . . .

⇢(t) = trHUV | (t)ih (t)| = ⇢(0)(t) + �⇢(1)(t) + �2⇢(2)(t) + . . .

i~@t⇢(t) = trHUV [H, | (t)ih (t)|] = [Heff , ⇢] + �(t, ⇢(0))

H̄eff = HIR + �H̄
(1)
eff + �2H̄

(2)
eff + . . .

�̄ = ��̄(1) + �2�̄(2) + . . .

i~@t⇢̄(t) = [H̄eff , ⇢] + �̄(t, ⇢(0))
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2nd order perturbation theory

i~@t⇢(t) = [Heff , ⇢] + �(t; {⇢(0)})

Consider basis        of           ;  |ui HUV | UV i = |ūi

• Double power series in    ,        -- related to Born-Oppenheimer approx
•        parametrizes non-unitary evolution
•       due to transitions in        ; occurs at higher order in 
•       has time dependence at IR scale through
• Corrections due to integrating out UV ~              : decoupling

�(t)
�(t) HUV �,�EIR/�EUV

�(t) = {A(2)
(t), ⇢(0)(t)}+ �2

0

@
X

u 6=ū

[Vu, HIR]⇢(0)(t)V †
u + Vu⇢

(0)(t)[V †
u , HIR]

(Eu � Eū)2
+O

✓
�E2

IR

�E2
UV

◆1

A

�(t) ⇢(0)(t) = e�iHIRt| IRih IR|eiHIRt

�
�EIR

�EUV

A
(2)

(t) = ��2

2

0

@
X

u 6=ū

[V †
uVu, HIR]

(Eu � Eū)2
+O

✓
�E2

IR

�E2
UV

◆1

A ; Vu = hu|V |ūi

Heff = HIR + �hū|V |ūi � �2

0

@
X

u 6=ū

V †
uVu

Eu � Eū
+O

✓
�EIR

�EUV

◆1

A
O
✓
�EIR

�EUV

◆

1/Ek
UV
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UV-IR entanglement

Sn(t) = � 1

1� n
tr ln ⇢n(t)

dSn(t)

dt
= � ntr

�
⇢n�1�

�

i~(1� n)tr⇢n(t)
⇠ n

i~(n� 1)
tr
⇣
⇢(0)�

⌘
+O(�3)

S(2)
n (t) =

2n

n� 1

X

u 6=ū,j 6=i

1� cos!uū,ijt

!2
uū,ij

|hūi|V |iji|2

¯S(2)
(t) =

2n

n� 1

X

u 6=ū,j 6=i

1

!2
uū,ij

|hūi|V |iji|2

But note n ! 1 ,� ! 0 limits do not commute
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Expectations from Born-Oppenheimer

Consider HIR = L2(R)

VIR,UV = V (xIR, {Oi,UV })

(HUV + �V (x)) |u;xi = Eu(x)|u;xi

| (t)i =
Z

dx ū(x, t)|xi|ū;xi+
X

u 6=ū

Z
dx u(x, t)|xi|u;xi

Corrections to Born-
Oppenheimer; higher 
order in �,�EIR/�EUV
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Leading order in Born-Oppenheimer approximation

⇢ = trHUV | (t)ih (t)|

=

Z
dxdy ū(x, t) 

⇤
ū(y, t)Kū(x, y)|xihy|

Kū(x, y) = trHUV |ū;xihū; y| = 1 + �f(�;x, y)

i~@t⇢ = [Heff , ⇢]; Heff = HIR + Eū(x)

Corrections: i~@t⇢ = [Heff , ⇢] + �[⇢(0)]

Occurs at higher order in Born-Oppenheimer

Consistent with our result � ⇠ O (�EIR/�EUV )
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Path integral approach

x = IR coordinates; X = UV coordinates

S[x,X] = SIR(x) + SUV (X) + Sint(x,X)

⇢(0) = ⇢IR(0)⇢UV (0)

⇢(t) = e

�iHt
⇢(0)eiHt

⇢IR(t) =

Z
dXhX|e�iHt

⇢(0)eiHt|Xi

⇢IR(x, y; t) =

Z
dXhx|hX|e�iHt

⇢(0)eiHt|Xi|yi

Propagate forward in time from
initial state to x, X

Propagate backwards in time 
from y,X to initial state

S

int

(x,X) =
X

i

Z
dt

0
�A

(x)
i,IR

(t0)O(X)
i,UV

(t0)
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K(x, y, t;x0
, y

0
, 0) =

Z
Dx̃Dỹe

iSIR[x̃]�iSIR(ỹ)F(x̃, ỹ)
��x̃(t)=x;ỹ(t)=y

x̃(0)=x

0
,ỹ(0)=y

0

“Influence functional”; result of integrating out X

Correct real-time analog of Wilsonian action

Contains same information as Heff ,�

Feynman and Vernon; 
Caldeira and Leggett

⇢IR(x, y; t) = hx|⇢IR(t)|yi

=

Z
dx

0
dy

0K(x, y, t;x0
, y

0
, 0)⇢IR(x

0; y0; t = 0)

F(x̃, ỹ) =

Z
dR

0
dQ

0
dR⇢

UV

(R0
, Q

0; 0)

⇥
Z

DRDQe

iSUV (R)�iSUV (Q)+iSint(x̃,R)�iSint(ỹ,Q)
��R(t)=Q(t)=R

R(0)=R

0;Q(0)=Q

0

Paths propagate forward in time

Paths propagate 
backwards in time

Compute                 in this framework:  deduce relationship between      and i@t⇢IR(t) F Heff ,�
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Perturbation theory F = 1 + �F (1) + �2F (2) + . . .

S

int

(x,X) =
X

i

Z
dt

0
�A

(x)
i,IR

(t0)O(X)
i,UV

(t0)Remember:

F (1)(x̃, ỹ, t) = i

Z
t

0
dt

0hO(X)
a

(t0)i
UV,0

h
A

(x̃)
a

(t0)�A

(ỹ)
a

(t0)
i

tr
h
⇢(0)UV (0)Oa(t

0)
i

H
(1)
eff = hOa(t)iUV Aa(t) Consistent with operator-based computation
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F (2)(x̃, ỹ; t) =� 1

2

Z
t

0
dt

0
dt

00
G

F

ab

(t0, t00)A(x̃)
a

(t0)A(x̃)
b

(t00)

� 1

2

Z
t

0
dt

0
dt

00
G̃

F

ab

(t0, t00)A(ỹ)
a

(t0)A(ỹ)
b

(t00)

+

Z
t

0
dt

0
dt

00
G

W

ab

(t0, t00)A(ỹ)
a

(t0)A(x̃)
b

(t00)

GW
ab (t

0, t00) = trUV ⇢UV (0)Oa(t
0)Ob(t

00)

GF
ab(t

0, t00) = trUV ⇢UV (0)T [Oa(t
0)Ob(t

00)]

G̃F
ab(t

0, t00) = trUV ⇢UV (0)T̃ [Oa(t
0)Ob(t

00)] = GF
ab(t

0, t00)⇤

Time anti-ordering
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i@t⇢ = [Heff , ⇢] + �

� = {A, ⇢}+ �

• Work in progress

• Need to understand time averaging better in this framework

H
(2)
eff =

1

2

Z t

0
dt0 Im GF

ab(t, t
0)Aa(t)Ab(t) =

1

2

Z t

0
dt0

⇥
GR

ab(t, t
0)�GA

ab(t, t
0)
⇤
Aa(t)Ab(t)

A(2) =
1

2

Z t

0
dt0 Re GF

ab(t, t
0)Aa(t)Ab(t) =

1

2

Z t

0
dt0 GW

ab (t, t
0)Aa(t)Ab(t)
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Non-Markovian behavior?

• General open systems: memory effects, evolution nonlocal in time
• Holography, basic physics            nonlocal evolution at scale ! ⇢ �t ⇠ EUV

Initial surprise (to us):

i~@t⇢ = [Heff , ⇢] +
X

(u,a);(v,b)

hua,vb

✓
Lua⇢L

†
vb �

1

2

�
L†
uaLvb, ⇢

 ◆

hu1,u2 = hu2,u1 = 1 ;u 6= ū

Lu1 = hu|V |ūi

Lu2 =

Z t

0
dt0hu|VI(t

0 � t)|ūi

Lindblad form (characteristic of Markov process)

{A, ⇢}

�

Preliminary: breaks down at 3rd order due to terms / ⇢(1)

�, ASecond order:          act on        which is pure⇢(0)
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IV. Conclusions

A. Summary

H = HIR ⇥HUV

H = HIR +HUV + �VIR,UV

⇢(t) = trHUV | (t)ih (t)|

i~@t⇢(t) = [Heff , ⇢] + �(t; {⇢(0)})

• Parametrizes non-unitary evolution of open system
• Appears only at                             (correction to Born-
Oppenheimer),  

O (�EIR/�EUV )

O �
�2

�
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B.  Additional questions

Some natural questions:

Heff �
1

EUV

1

Ec
•Wilsonian EFT-like organization of          ,     in power series in          ,  
• Efficient computational scheme
• More realistic spectrum

⇢, Heff ,�• RG equations for 
• Formulate for strongly interacting DOF (no quasiparticles E(k))

E
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• Holographic interpretation? (Note importance of time resolution: see also residual entropy)

• What would we have to do to H to spoil decoupling of UV, IR
• What systems lead to excitations spending long time in UV?

Little string theory: ⇢(E) ⇠ e�HE

• Nonlocal theory
• Bulk dual: signals take infinite time to reach boundary
• Expect large nonlocalities due to coarse graining

z = l

z = ∞

z=0

t

t + 2l

R4

cuto" E ~ R  /l2

Integrate out z < l; 

c

UV

IR
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C. Speculation -- black hole entropy

Evidence that Bekenstein-Hawking/Wald entropy of BH can be computed 
as an entanglement entropy

Can this calculation be understood from boundary point of view?

Entangling surface at “stretched horizon“ UV-IR (ish) entanglement?

ETH as practiced in cond-mat 

• Local observables thermalize in high-energy states (absent MBL)
• Reduced density matrix for local region looks thermal

Other interesting ways of carving up Hilbert space of large N gauged matrix theories?

Festuccia and Liu: some discussion of ETH for such systems
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