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'Cornplex Num,bers and Quantum superposition

By thinking about the photon picture of polarizer

experiments, we have been led to the ídea of quantum

superposition. An important feature of this is that if la> and lb>

are'two states of a'physical system (perhapsrwith definite

values for some physical property such as position)then we can

also have a state

ala)+plb)

Up until now, we have been assuming that a and p are real

numbers, but today we will see that in order to describe the

most general states, we need to allow a and p to be complex

numbers.

Our starting point will be the model we have developed

for polarized light. Classically, we say that light polarized along

any direction could be obtained by superposing light polarized

along x and light polarized along y (assuming that the light is

travelling in the z direction). But so far, we have only

considered adding these two components in phase:



E**

But we can get more gener:al polarizations of light by adding the

two components out of phase:

Now inst-ead of oscíllating back and for:th in one directio-n (so

called LINEAR POLARIZATION), the elgctric field rotates around

in an ellipse. ThiS.is known as ELLIPTICAL POLARIZATION.

Mathematically, we can write the

electric field as

È= E*icos(kz-t,lt+öJ

*Ericos(kz-rrlt+öy)

where k= Znfitand ul = 2¡cf . For Q* = 0y, we just have ordinary
(linear) polarization, but for 0* l0v, we have the more general

case of ellíptically polarized light.

Question 1

As an example, let E, = I,Ey=2, þ*= 0 and Q, =n/2. Plot the
electric field at z=0 for varíous values of urt between 0 and 2n.

t- = \ cs(-ol)+ 7i¡ cos Çrt* or)
, ...-l

òt--o E = \
,rl ,! È -zït/\.r - Z_ L I

.



Noril, suppose we have a photon'of this elliptica,lllr polarized

light. How can we iepresent'thiíin'oú'r mäthematical model, ' '

where photon states were unit vectors? Before, we said that
any state could be written as

:'
But to represent an elliþtically polarized photon, we somehow

want to add up these basis vectors "out of phase". We will see

that the natural way to d9 this is to let a and p be complex

numbers. But first, we'd better review some things about
complex numbers.

Question 2

a) You probably know that complex'numbers are numbers that we

can write as

z=a+bi

where o and b are real numbers and i ís some magical number
with f x i = -L. This is enough information to add and multiple
any two complex numbers. As an example, calculate the
following:

(3+21+@+7i) = V +1;
(F+Ðx(r+i3'Ð = 4;



ln order to visualize complexnumbqrs, it really helps to think of
them:aspoints !n,a 2D,plane.,where the n.urnber: L is at distance l-

along.tþe,horizontal axis and the number f is at distance L alo¡g.
the vertical axis (figure 1).

?n.Zt

Then adding complex numbers is
just adding the vectors (figure 2).

To understand how to visualize

multiplication, it is easiest to
think in terms of "polar

coordinates."

ln figure 3, we see that any

complex number can also be

descr.ibed by giving its

MAGNITUDE r (the length from 0
to z, also knowns as the

MODULUS), and its PHASE (the

angle 0 between the vector and

the "real axis"). The product of
two complex numbers with polar

coordinates (11, 01) and (12, 02) is

a complex number with polar

coordinates (11 ' 12, 01+ 02).

ln other words, to multiply two complex numbers represented in

polar coordinates, we just multiply the magnitudes to get the

new magnitude and add the phases to get the new phase.



b) Exercise: suppose tharzt =l +' [i i and' z:1=þ + i.Then:

ft-L
'fr0r=4
;12 - '-

6 -Yt)')

rtrz = 4
01*02 = fL

You already calculatéd ('l * Iâfl x [/3 + í) :zrin part ã. For this

number, what are 13 and 03?

¿t3 l

0" -y
Do you find 13 = rr rzand e3 - Q7 + 02? YnS
c)'A very i'mportant fact about complex numbers is that 

" 
í0 ir.

complex number with magn:itude L and'phase 0. We can show

this by writing

" 
io - 1+io + Gqzlz+ (i e)3/gt +...

= V - 02/2+ ...) + i (e - 03/3t +...)

=cos0+isin0

Here, we have used the Taylor expansions of e", cos(x), and

sin(x).

;0
ø



This meãns that a cömplex numbei with ma$nitude r and phase

0 can be written as z = r ,t0..

f ç:a;A
ç ¿:ó.¡rure) As'a'n example, what are the real and

, *itLr;^o) irn,aþinar.y partsof E eiffi?

3eíø'rt= (-3 ) + i ( o )

Question 3

BACK TO P.HYSICS...

Now suppose we have a wave with some general phase and

amplitude:

h=Acoslkx-crlt+$)

We can usq the relation , 
"i0 = (r cos 0) + f (r sin 0) to say that

*td\ . i(kx-,t+ö).h=RelAe.t".' -')

=Re(A"'Ö "i(kx-ot),
=Re(Z"i(kx-ûrt))

where we have defined Z = A e'0. So the information about the

amplitude and phase of the wave is completely contained in
the complex number Z.



This way of representing things is extremely useful when it
comes to adding up waves that are out of phase. For example,
if we have

þ = A1 cos(kx-t¡t+0t) +42 cos(kx-urt+02)

it's not obvious how to find the amplitude of the resulting

wave. But using the complex number representation, we have:

þ = Re(Zt"i(kx-tt) + zrr¡(kx-ot),

= Re( (Zr+ Zr) , t(ox-cot ),

where Zt= At" 
i Ö'.nd Zz= Az" 

t0'. 
So the amplitude of the

resulting wave is just the magnitude of Zt + 22 and the phase is
the phase of 21+ 22.

Exomple: we can write the sum of two waves

2cos(k x- ur t) + cos(k x - rrl t + n/31

asAcos(kx-ot+Q). What areAand $? J
= ?"(z 

"1(tr*-"+)u 
.,î u,lt"--+))1;1'

at2é)'" ¡2¡.. =E

o = I^^-, (f )
"rrZ,t?,-- 2+ e'-s

./^ .__\--(2+ -sF)) +
,/

=í-v',t1t-¿- -.1_

z r"?,

/ / .\
iç;^(",))



Itls nqw easy,to see.why complex numbers will be useful in
representing elliptically polarized light. We just notics that

So that in the classical descriptíon, different polarizations of
light are in one-to-one correspondence with COMPLEX

SUPERPOSITIONS Z.i+Zrì. We can't really draw suchavector.:
when Z,and7, are not real, but the ímportant thing is that the
information about the amplitudes and phases of the two
differe,nt components of the light are contained in the complex
numbers Z*andZr.

So how do we represent a photon of this elliptically
polarized light ín our mathematical model? We just allow
complex superpositions of the eigenstates:

z,lo") t zzltr) u)t\e"e lz|z+lzrlt= L
When zl and z2 have different phases, the state describes a

photon of elliptically polarized light. lf the l¡ght is incident on a

0" polarizer, we still have the rule that the photon will pass

through with probabil¡ty lz,12, but now the lzl l represents the
magnitude of the complex number 21.

Er î c-r(kz--t * t),1 E, ? *r(Az -,^>t+ q)
3u' (E* ¿i'ù* ¿i(rz.et)'^'u lye;Ø n;n' ,rt)
?. ((zrfr + zri) eÞ.--¿)

5¿e n"dt ?^ð",



Exercise: A photon in a state llo') * rE ßf) is incident
on a 45' polarizer. What is the probability that it will go

through? (t,+: Çtsl ,*;t-e to") ad. þo") ¡^ l"¡^, "I
Ihu e\e^*A"s -f +. 4so y"\^.i*n)
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\lz.___,.",
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