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Complex Numbers and Quantum Superposut:on

By thmkmg about the photon plcture of polarlzer
expenments ‘we have been led to the idea of quantum
superposntlon An |mportant feature of this is that if |a» and |b>
‘are'two states of a physwal system (perha ps-with definite
values for'some physucal property such as position) then we can
also have a state. |

alay+ BBy

Up until now, we have been assuming that a and B are real
“numbers, but today we will see that in- order to describe the
most general states, we need to allow a and B to be complex
numbers.

-Our starting point will be the model we have developed
for polarized light. Classically, we say that light polarized along
any direction could be obtained by superposing light polarized
along x and light polarized along y (assuming that the light is
travelling in the z direction). But so far, we have only
considered adding these two'cbmponents in phase:




But we can get more general polarizations of light by adding the

two components out of phase -
E % ' o

Now instead of oscillating back and forth in one dﬂirec‘t-io'n (so
' called LINEAR POLARIZATION), the electric fleld rotates around
in an ellipse. ThIS is known as ELLIPTICAL POLARIZATION

Head -on view MathematscaIIy, we can write the
e}‘f E :I' & electric field as
X € ’
focation . | e L - E = Ex;( COS(k =W t T Cbx) |
'.h« e ,+Eyﬁ§/cos(-k z—wt+dy)

where k= 21t/A and w = 2ntf. For &, = ¢y, we just have ordinary
(linear) polarization, but for ¢, # ¢,, we have the more general
case of eI_’I.iptic_aI_Iy polarized light.

Question 1 .

As an eka’mple,”ilét' E, =1, E, =2, ¢x=0and ¢, = 1t/2. Plot the
electric field at z=0 for various values of wt between 0 and 2.
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Now suppose we have a photon of this elhptically polarized
Irght How can we represent this'in‘our mathematical model
where photon states were unit vectars? Before we sald that

any state could be wrltten as
a'|'0°>'+ B190*  Jal*+ |B]*=1
But to -re'prese'h't an ielli-f';-\tically p'ollarized photon, we somehow
want to add up these basis vectors “out of phase" We will see
“that the natural way to do this is to letaand B be complex

numbers. But ﬁrst we’d better reVIew some things about

complex numbers.
Question 2

~a) You probably know that complex numbers are’ numbers that we

can write as’

z=a+bi
where a and b are real numbers and 7 is some magical number
with 7 x 1 =-1. This is enough information to add and multiple
any two complex numbers. As an example, calculate the

following:

B+20)+(4+71) = TF+9;
(3+ ) x(1+[31) = 44,

I




In order to visualize complex.numbers, it really helps to think of -
them;as points in a 2D plane, where th e number 1 s at distance 1
along the horizontal axis and the number i is at distance 1 alon?g_.._f
the vertical axis (figure 1). o

. Then adding complex numbers is
541 . just adding the vectors (figure 2).
a b arbr S o S
I ‘To understand how to visualize
y s |

T—="7  multiplication, it is easiest to
| ~ thinkin terms of “polar

v " coordinates.”

In figure 3, we see that any
complex number can also be

- -described by giving its |
MAGNITUDE r (the length from 0
'to'z, also knowns as the

'MODULUS), and its PHASE (the
- angle B between the vector and

the “real axis”). The product of
two complex numbers with polar

a coordinates (ry, 6,) and (r,, 0,) is
a complex number with polar

coordinates {ry - ry, 6, + 6,).

' 4 :
In other words, to multiply two complex numbers represented in
polar coordinates, we just multiply the magnitudes to get the
new magnitude and add the phases to get the new phase.




b) Exercise: suppose that z; =1+ {31andz, =3+ 1. Then:

"91 + 62 = ___E'__
You already calculated (1 +J§ 1) x (F+ )y=2zzin part a. For this
‘number, what are r; and 6;? - . e

r3=4

Y
8 =T

Do you findrs =r;rand 8;=8; +0,? - VES

c) A very important fact about complex numbers is that e 10isa
‘complex number with magnitude 1 and-phase 6. We can show
this by writing |
| N7
'S

(. el® = 1+70+(10)/2+(10)%/3!+..
Ilg -
— =(1-0/2+.)+i(8-06%3! +..)

,1'\

=cosO+1sinb

. X
Here, we have used the Taylor expansions of e , cos(x), and
sin{x).



This means that a complex number W|th magmtude r and phase -

_ @canbewrittenasz=re .
ﬂ‘ e ,(ﬂ'se) As"aﬁn éxa'rﬁp'lfé WHat'-are"thefreal and
r sl r e *»lfslnf?) _ imaginary parts of3el$”?
| ,g, B - o
b 3eifTe (3 ) 4 i (o )
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BACK TO PHYSICS

Now suppose we have a wave with some ‘general phase and
- amplltude |

We can u?j(the relation re 9= = (rcos 8) +1 (r sin 8) to say that

ikx—wt+d),

h= Re(A )

id e-i(kx—wt)

- =Re(Ae )

f&x—wt)

=Re(Ze )

where we have defined Z=Ae , d). So the information about the
amplitude and phase of the wave is completely contained in
the complex number Z.




This way of representing things is extremely useful when it

comes to adding up waves that are out of phase. For example,
if we have

h = Ajcos(kx—wt+dy)+A;cos(kx—wt+ o)

it’s not obvious how to find the amplitude of the resulting

wave. But using the complex number representation, we have:

H ikx-wt) . ifkx-wt)

I

Re(Z;e Zye

i(kx—wt))

)
= Re((Z:+2Z,)e

d)'and Z=A,e ’d)l. So the amplitude of the
resulting wave is just the magnitude of Z; + Z, and the phase is
the phase of Z; + Z,.

whereZ;=A; e :

Example: we can write the sum of two waves
2cos(k x—wt) + cos(k x —w t + 1/3)

as Acos(kx—wt+ ). What are A and ¢? l

€
A s @y -7 Z ;

~ RC(Z ei(kxwﬂ-# X ',(kxuw{':))
!

= = E 2472, = 2+€I%r
¢ = Ton (3) :@ms(g))%z(é:n(—;))
=246
"3 2




It's-now easy to see why complex numbers will be useful in
representing elhptlcally polarized light. We _]USt notlce that

CEeX cos(kz-ct+ o)+ E,§ cos(ke -coks o ._
26 (E 1. Px e (kZ wt))( + Ey_e(f)y (ke-ml,) )

= Re ((me‘z )6"% ”t)

- So that in the classical descrlptlon different polarizations of

- light are in one-to-one correspondence with COMPLEX
SUPERPOSITIONS Z, X +Z, §. We can’t really draw such a. vector,.

when Z,and Z, are not real, but the important thing is that the

information about the amplitudes and phases of the two

different components of the light are contained in the complex .

numbers Z;and Z,.

So how do we represent a photon of this elliptically
- polarized light in our mathematical model? We just allow
com plex superposmons of the elgenstates

Zi[0° >+ 22HO> where |2|+122)_

When z, and z, have different phases, the state describes a
photon of elliptically polarized light. If the light is incident on a
0° polarizer, we still have the rule that the photon will pass
through with probability |z;|? but now the |z, represents the
‘magnitude of the complex number z;

See ne)(‘t Pa\_ba,




Exercise: A photon in a state '71.|00>+{l£: 195°> is incident

on a 45° polarizer. What is the probability that it will go

through? O"""'\" %YS* w2 \0°> and. Ho"> i~ terms o‘g

*Haé, Qtﬂ&«;:l’ét@“ "{ the 450 ?ﬂ‘arl‘%@f).
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