Calcolus of Vacjations

The Eoler-Lagrange E%uoﬂ‘?ons
Consider o functional of the Torm
Y%

SLyx) = {, dx F(y00,y'(x), %)
which we imagine is extremized oif y (%),
To determine the Torm of y(x) we consider
arbitrary variations obout y(x) of the
form Y0 = y(x) + X 7(x)

For a varidation with a fixed shape "70()
we coan then consider the functional

S[Y(xﬂ =S[y(x)+ow]<x)] = 5(x)
+o be a ‘Fumj'fon O'F 'Hle. Pu,rqme"\‘er A
Expwu.\g obost ol=0

S() = 5(0) + 23| A+ - --
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| CO\\CU\US of Vori o(\"lon§

A necessary condition Tfor S[)'(X)] To

be extremal is
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Now S(o\) = j’:dx ¥ (Y(x)+oka;(x),y‘(x)+ot")'(><), x)
%3-\: I:fd' %Y aY o T 23 Lav' >
%as—o= f::dx(")(X)‘é‘y +'9(x)'5;)
L «fhdx(”y(X)%y ’7(>0dx ay { ()By]
put [%%f] =0 sine ’7(x,) 0 = (%)
3—;%—\ = 0 -deoy(x) 2y o\x )]

bt 9(x) was a variation of arbitrary shape and
o sths'f\/ this ea‘,ooﬂ'lon for all ’7(x) we (‘&V)l(‘@
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LI1P ST E,
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", Johann Bernoulli, address the most brilliant mathematicians in the world. Nothing
is more attractive to intelligent people than an honest, challenging problem, whose possi-
ble solution will bestow fame and remain as a lasting monument. Following the example
set by Pascal, Fermat, etc., I hope to gain the gratitude of the whole scientific community
by placing before the finest mathematicians of our time a problem which will test their
methods and the strength of their intellect. If someone communicates to me the solution
of the proposed problem, I shall publicly declare him worthy of praise.”

Problem: Given two points A and B in a vertical plane, what is the curve traced out
by a point acted on only by gravity, which starts at A and reaches B in the shortest time.



Caleolos of  Varialions

‘Exdmp\e: The Brachistochrone
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Question: TF o besd is consTruined o
a wire that passes through points | and 2,
whit s\r\qpe should the wire have To move
Feom | % 2 in  the Shortest +ime7.

By the conservation of Eneryy
E=zmy* +mg(-y) =0

=7 V=V(y) = \zgy

v

Times _]_;-n =4 Vv

We need To write Tthis +ime as
(or in‘l‘erpfd H‘) a funchional of the
shape of the corve,



Caoleolog of Vaei alions conl,

EXD\mPle: The Bmckis’foc,hrovxe cont,

As we Know ny) it is eoslesT
+o et y os +the |m\e'0mdcv# variable ancl
détermine X(y)

ds,___

h,
S0, S[X(y)] = J' dy dy Vs qt?
Now — ds = Ndi+dy® = X+ dy
Ya r——"“
=7 S[x(y)] V% f y-—-‘-”-’l———"

So Fx(y), x'(y), y)’ %
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The Brochistochrone cont
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