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1. Introduction

It is a common statement that the electromagnetic field established in the optical cavity of a single-mode
laser (operated above threshold) can be represented by the coherent state. The main objective of this
project is to verify this statement. For doing so, first optical correlation function and its relationship
with coherent states are described. Next the semiclassical theory and fully quantum mechanical theory
of lasers are introduced and at the end by incorporating the coherent states in quantum theory, the

relationship of these two formalisms is clarified.

2. Optical Coherence and Coherent States

A convenient starting point for introducing the coherent states in optics comes from the quantization
of the electromagnetic field. The free electromagnetic field obeys the source free Maxwell’s equations.
With no sources present Maxwell’s equations are gauge invariant and a convenient choice of gauge
for problems in quantum optics is the Coulomb gauge!' (7. A = 0), then both B and E fields can be

determined from the vector potential which satisfies the following equation
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Then by applying an appropriate boundary condition for the field confined to a certain volume of space,

the vector potential can be expressed as an expansion of a discrete set of orthogonal mode functions:
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and the corresponding form for the electric field becomes:
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In classical electromagnetic theory the Fourier amplitudes in above field equation are complex numbers,
but after the quantization of the electromagnetic field a; and a,,TC considered to be adjoint operators
with bosonic commutation relations. Finally dynamics of the field amplitudes can be described by an

ensemble of independent harmonic oscillators.

Now that we know the field at each point in space or time, the next question is how they are related
to each other. Generally the correlation between the field at the space-time point x; = (rq,¢;) and the

field at the space-time point zy = (ra, t5) is expressed as the correlation function?
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G (21, 25) = Tr{pE) (21) EM (2,)} (4)

where p is the density operator, and E*) contains all amplitudes which vary as ae ™' for w > 0

and E(-) contains all amplitudes which vary as afe®! . The idea of coherence® is associated with the
possibility of producing interference fringes when two fields are superposed. The highest degree of optical
coherence correspond to establishing fringes with maximum visibility. In two-slits Young’s experiment,
for example, it can be shown that intensity of superposition of fields in the observation screen coming

from two slits at z; and x5 is:

I = G(l)(l’l, 5(71) + G(l)(l’Q, ZL‘Q) + 2R€{G(1)(l’1, $2)} (5)

If GW (2, 25) = 0, there would be no fringes and the fields are described as incoherent, but larger

GW(x1, 79) more contrast for fringes will be. The magnitude of |G (x1, 75)| is limited by the relation:?

|G (21, 22)| < [GV (21, 21) GV (29, 22)]? (6)

If we define the normalized correlation function as

G(l)($1, xg) (7)
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Therefore the maximum visibility corresponds to |g™") (21, 25)| = 1. It is clear that for a field which
is an eigenstate of the operator E()(z) this relation holds. The coherent states are an example of
such a field. It is precisely this property of the coherent states which led to their names by Glauber
in 1963.% The situation can be generalize to the n'*-order optical coherence in which the coherent
states satisfy ¢ (1.2, Tpy1...To,) = 1 for n'-order normalized correlation function. Although the
first-order correlation function is sufficient to account for classical interference experiments, to describe
experiments involving intensity correlations, or correlation at more than two space-time points it is

necessary to use higher-order correlation functions.

3. Semiclassical theory of laser

In the semiclassical theory the laser field is introduced in a self-consistent manner,* and an equation of
motion for the field amplitude is obtained. It is assumed that a classical field E of frequency w, is in
resonance with two levels atoms with energy gap of Ey — Fy ~ hw, and a dipole moment is induced
at each excited atom (evaluated by quantum mechanics). Sum of all these induced dipole moments
establishes a macroscopic polarization P at the gain medium. This polarization acts as a source term
in Maxwell’s equations and a new field E inside the active medium will be created. This process will

continue until we reach to a self-consistent solution for the laser field. The whole process is shown in
Fig.(1).
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Fig. 1. A schematic diagram of semiclassical formalism of laser theory.

The losses of the electromagnetic field in the laser cavity are modeled by introducing a conductivity

that causes attenuation of the field, then wave equation for a linearly polarized electric field becomes
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Next expansion of E(r,t) in terms of the normal modes of the optical cavity will be

=0 (8)

E(r,t) =Y e, (t)u,(r)e™" + c.c. (9)

where £(t) is a slowly varying envelope function of the field which satisfy the following relations:

O] < wie)
0 <2 (10)

by assuming that the polarization P(r,t) oscillate at the same frequency w as the electric field, and

multiply each term by u*(r) and integrate over the cavity volume, Eq.(8) reduces to

de(t) o |  1w?
TR T

w2 / P, )t (r)dr (11)

in which P (r,t) varies as e**. The macroscopic polarization P(r,t) can be expressed by the relation

P(r,t) =n(r) < p(r,t) > (12)

where n(r) is density of atoms in the cavity, and < ji(r,f) > is the average dipole moment of an
atom. Now the quantum mechanics enters into the calculation for evaluating the average atomic dipole

moment, which after some calculation becoms
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where ps and p; are population of upper and lower states respectively, and T is the average natural
lifetime, which is assumed to be similar for the the upper and lower states. Substituting Eqs.(12) and
(13) into Eq.(11) gives us:

de o wT 4 T2
ae :(pz P1)iiy /77 Yu(r)|2dr — ’ufl; |/77 V()| dr + ..

dt = 2e, 2¢, AV
(14)
By introducing the following relations for the mean atomic density
_ 1
= o [l (15)
and the quantity
1
= & [ )@ (16)
We reach to the equation of motion for the electric field
d n(ps — 2T 2wF —p)T?
de _ [wn(pz p)uLT O 1i2(p2 — p1) e (17)
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For sufficiently small amplitude, the cubic term in Eq.(17) can be ignored and this equation can account

for the exponential growth or decay, according to:

wij(pa — p1)pisT S or <

1
2¢,h 2¢, (18)

The term on the left in above equation, which is proportional to the population inversion, clearly
represents the gain of the system (provided py > p;), and the term on the right, which is proportional to
the conductivity o, clearly represents the loss. When exact equality holds, the gain just equals the loss,
and we are at the threshold of oscillation. Above threshold, when the gain exceeds loss, the amplitude
grows exponentially until the nonlinear or saturation term begins to assert itself and to inhibit further
growth. However, it should be noted that the initial growth depends on the presence of a non-zero
field at the beginning, and in its absence the field remains zero for all time, no matter how high the

population inversion may be. This is a fundamental weakness of the semi-classical treatment.

4. Semiclassical Laser Theory with Spontaneous Emission Noise

Eq.(17) in the previous section, in a completely deterministic manner, describes the dynamical behavior
of the laser field. The optical field is free from all fluctuations, and therefore any questions about

the coherence properties of laser light are outside the domain of this theory. For example, Eq.(17)
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can tell us nothing about the spectral width of the laser field, which is here regarded as completely
monochromatic, although a finite spectral width is always observed. The key for a better understanding
of the laser theory lies in the fluctuations of the optical field, which are brought about by random
spontaneous atomic emissions. Spontaneous emission are of course included automatically in any
fully quantized treatment of the laser problem, but they do not appear naturally in deterministic

semiclassical theories.

The effects of spontaneous emission in a semiclassical theory can be considered by adding a noise

term to the equation of motion, Eq.(17), which then takes the form

de Y wii(ps — p)pdT LA 2wF iy (p2 — p)T

3
dt 2¢e,h 2¢ e h’ |€|2€ =< (19)

Usually the noise term, ((t), is considered as a complex Gaussian random function of zero mean, with
a correlation time that is of the order of the lifetime for spontaneous atomic emission.® The equation
of motion, Eq.(19), is a Langevin type of equation.®> The field amplitude £(¢) in Eq.(19) is no longer
deterministic, instead it is a random process, with a certain probability density p(e,t) determined by

the statistical properties of the noise ((t).

For the Langevin equation of motion there exists an equation of motion for the probability density
p(e,t) , known as the Fokker-Planck equation.® It is convenient of replace the complex amplitude € by
a two-dimensional real vector x for real and imaginary parts of €. Finally it can be shown that the

Fokker-Planck equation corresponding to Eq.(19) takes the following form

Op(x,t) 20 2 82
= — 2
o >3 zip(x,t)] + E (20)
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where a is so-called pumping parameter and it is expressed as

wij(pa — p1)pisT/2e,h — 0 /2€,
wij(p2 — p1)piaT /26,0

(21)

5. Quantum Theory of the Laser Field

As was shown in previous sections the semiclassical theory leads to a deterministic equation of motion
for the field amplitude, and questions about linewidth and fluctuations are outside the domain of the
theory. Fluctuations were incorporated at a later stage by the introduction of a noise source, but this
procedure cannot be easily justified in a rigorous manner. The quantized field treatment provides a
more consistent foundation for the laser theory. In addition, it is able to answer certain questions that
are not meaningful at all within the framework of a semiclassical theory, such as how many photons

are present in the laser cavity at threshold, and what is their probability distributions.



Once again we consider a set of identical two-level atoms interacting with the field of a single cavity
mode. If the atomic population is inverted, the coupling between atoms and the field may cause the
number of photons in the cavity mode to grow in time. We start by examining the effect of a single
excited atom on the state of the laser field. The energy of the coupled system consisting of a single-mode
electromagnetic field of frequency w and a two-level atom of resonance frequency w, located at position

r, has the following form

h;’ (b'b — bbT) + hu (i + ;) — fu2 B(r, )[b(¢) + b7 (1)] (22)

H=E, +

Here FE, is the average energy of the two laser levels, p;2 is the transition dipole moment of the atom,
and n is the photon number operator. It will be convenient to work in the interaction picture, in which

the atomic lowering and raising operators evolve in time according to the relations

Also the single-mode electric field E(r, ) in the interaction picture may then be expressed in the form

e hw

= () lalto)u(r)e™ 7 + huc] (23)

E(r,t)

where € is a real unit polarization vector representing a linearly polarized wave. The interaction term

in Eq.(22) becomes

H(t) = hglabTu(r)e @em)t=to) 4 gy (r)e i wote)lt=te) £ p ¢ ] (24)

where g is the coupling constant characterizing the strength of the interaction

w .
)2 2. (25)
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Let us suppose that at time ¢,, when the interaction is assumed to be turned on, the state of the coupled

system is factorized, so that we can express the density operator as

ﬁ(to) = ﬁA(to) ® ﬁF(to) (26)

where p4(t,), pr(t,) are reduced density operators of the atom and the field, respectively. As a result of
the interaction, p evolves in time in the interaction picture, and its form at a later time t can be given
by the perturbation expansion. By taking the trace over the atomic variables, we can express the effect

of the interaction on the state of the laser field at time t by



pr(t) = pr(ts) + Tra fjl Z;; /tt dt, t:I dts... /tt dt, x [F1(t), [Hi(ts), [ [H (), ()]

(27)

In order to determine the effect of a single excited atom on the laser field, we take the initial atomic
state to be the upper state pa(t,) = |2 >< 2| and we allow the interaction to proceed for a time that is
of the order of the lifetime of the upper state. It is assumed that the two laser levels |1 > and |2 > decay
to other states with average lifetime 77 and T5, respectively. The effect of an ensemble of such excited
atoms on the field is therefore obtainable, at least approximately, by choosing t — ¢, = At in Eq.(27)
to be the atomic lifetime, and averaging over the ensemble of At with an exponential probability
distribution of average T>. We shall limit ourselves to the first two non-vanishing contributions in the

expansion in Eq.(27).

We now substitute Eq.(24) in Eq.(27). It is clear that if the lifetime At =t —t, is very long compared
with the optical period 27 /w,, then the terms in e*@+wo) in Eq.(27) will integrate almost to zero and
can be neglected. On the other hand, the contributions made by the terms in e*«~+°)* depend strongly
on the magnitude of the detuning w — w,. For simplicity we shall assume that the detuning is so small
that |w — w,|At << 1, which allows us to neglect the oscillatory factors altogether, and to treat H; as

time-independent under the integral in Eq.(27), then we have

A o At At, 1
pr(to + At) = pr(t,) + TTA{E[HI; p(to)] + (E> B

The problem therefore reduces to the evaluation of commutators of successively higher orders. If we only

[Hy, [Hrp(to)]] + ...} (28)

consider terms to 4th-order(after some calculations it can be shown that first and third-order terms will

be vanished) and using the fact that b and b are traceless after some calculation we find that

App(te) = —(9To)*lu(r)]Plad’ pr(to) — ' pr(to)a + h.cl

(29)

where averaging over the lifetimes At with the following exponential probability distribution was taken.

P(At) = (1/Ty)e AT (30)

As in the semiclassical approach, the calculation has been carried through to the second non-vanishing
contribution from the perturbation expansion. The first term in Eq.(29) corresponds to a single photon

emission by the excited atom, whereas the second represents the contribution of two cycles of emission
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and re-excitation by the atom.

A real laser of course has many excited atoms and molecules distributed throughout the active
medium, which are excited by some pumping mechanism at a certain rate Ry. The contribution to
the change of pr made by any one of them is therefore small, and if the laser field evolves slowly we
may look on the change pr(t,) given by Eq.(29) as a good approximation. When pg(t,) is multiplied by
R,, and averaged over the different atomic positions r, it gives the average rate of change of the density

operator of the laser field brought about by gain mechanism, the result is

(aﬁ) oo 1
ot N

1
+ NRz(gT2)4 / n(r)|u(r)|*laa’aa’ pr + 3aa’ praa’ — 4a'aa’ pra + h.c)dPr

Ro(gTs)? /n(r)|u(r)|2[aanF — i ppa+ he)dr

(31)

also by using the same procedure, we can calculate the effect of loss on field density operator induced

by absorption of an atom in lower state, the result is

P L aal ' pr(t,)a
(g s = 5 BT [ mn () (o) [ad (1) = @' pr(t) + hocld'r (32)
1

where it was assumed that N; atoms in lower states with some density 7;(r) are present in the laser

cavity. Finally, we combine the effects of the gain and the loss by adding the contributions given by Egs.
(31) and (32). This leads to the following master equation for the density operator pg of the laser field

op 1 1 1
% = —§A[AdTpAF — ' ppa+ h.c] — 50[&*&;3F — apral + h.c] + gB[d&Td&TﬁF

~

+ 3aa'ppaa’ — 4aaat ppa + h.c

(33)
Where the following abbreviations were used:
R2 2 273
A=203)(gT)? [ () u(r) P (34)
Rl 2 273
€ =2)60)? [ m@lu)Pdr (3)
RQ 4 4 73
B=8()9n)* [l ar (36)
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for the coefficients characterizing the gain, loss, and nonlinearity respectively. In practice, the loss rate
would be identified with the actual rate at which photons are lost from the laser cavity, which is largely
determined by the reflectivity of the mirrors. Moreover, in practice the gain and loss rates A and C are
usually comparable, even well above and well below threshold. On the other hand, the ratio of B to A

is usually extremely small. It is given by the relation

B o (o) ulr)
A~ e P

where F is a dimensionless factor of order unity. We can make a rough numerical estimate of B/A

~ (9T)*F (37)

B 3 (T2\?
=~ T 2 ~ 2
a4~ bR e

If we take To ~ T ~ 1078 s, A ~ 6 x 107® cm, V ~ 107! to 1 em?, which are typical values for some

lasers, we find that

B/A~107% to 1077

In general, the smaller the saturation coefficient B, the stronger the laser field will be in the cavity to

establish a steady-state.

We have seen that the quantum theory of the laser provides information on the absolute strength or
the absolute number of photons in the laser field. However, the distribution of the light intensity in the
steady state is no different from that given by semiclassical theory with additive noise. This suggest a
deeper connection between the two different treatments of the laser theory. It will be shown in the next
section that with the help of the coherent state representation of the laser field, the operator master
equation, Eq.(33), can be modified into the form of a Fokker-Planck equation.® This simply shows the

essential equivalence of the two approaches.

6. Coherent State Representation of the Laser Field

In the coherent state representation it is possible to represent the density operator pr(t) of the single-

mode laser field in a diagonal form

e = /¢(y, By >< v|d?v (38)

in which the integral is to be taken over the entire complex v-plane. Here |v > is the coherent state
with complex amplitude v, and ¢(v,t) is a real weight function or phase space density. By replacing a

and a' by differential operators

A-'- * a
a'lv ><v| = (v —|—af)\u >< v
v

vs<vli= (i o)y s<u
1% via = \lV—+ —)|UV 1%
ov*



and inserting the representation of Eq.(37) of the density operator pr(t) into Eq.(33), and after some

rearrangement of terms, we arrive at the following equation of motion

/8¢(U,t)| ><V|d21/—/gz5vt{ Alv 8 v 0 + 282]—10@é v 8]

ot ov ov*  OJvv* ov ov*
0. 3 o 5

12, * 2 *2 212
Blogh g, + v =50 g T )~ i s,

7,0 0 02 1 ? ok

*

8\ v Y %) ovov* (8y*8y2 Ovov*2

Wy >< v|d®v

(39)

in which the differential operators under the integral on the right operate on the coherent-state projector
|v >< v|. By formally integrating by parts, with the assumption that ¢(v,t) vanishes at infinity faster
than any power of v,v*, we can convert the integrand on the right into a product of |v >< v| and a

c-number function of v, v*, and we obtain the formula

0o (v, t) t 8 - 0 0?
/'” ><vI= /‘ - ”H“(A g, + Vg A58,
1, 0 e, s 3,0% , 0 . b 02 5
+B[§( ov 8V*)|V| 8(3 LA 8V*2V )_18V8V*| |
7 0 e, 0? 1, 0° oA 9
+§(V$ T (91/*)  Ovdvr + 5(8V*8y2y + 81/(%*21/ o, t)dv

(40)

Comparison of the coefficients of | >< v| on both sides of the equation leads to a partial differential
equation for ¢(v,t). We shall simplify this equation by discarding certain terms. We first recall that B
is a very small coefficient compared with A or C. We therefore retain only the most important terms
in B. On the other hand, when the laser is operating anywhere near the steady state, |v| is a large
number, and |v|? is of the order of the average number of photons. It follows that among the terms in

B containing first derivatives,

D B E
§<87V+ o v|“o(v, 1)

is the most important, and that among the second derivative terms in B

3 o 2 5
—g(wVQWL 8y*2)y (v, t) — 190 8 *\ vé(v,t)

are the most important terms. But unless the laser is operating so far above threshold that |v|* is 1000
times, say, greater than its threshold value(which implies that the pump parameter is of the order of

1000 or higher), these last terms are still small compared with the second derivative term in A. Similarly,
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it can be argued that the terms in B involving third derivatives are small compared with those involving
first derivatives. With the understanding that the laser is not operating too far above threshold, we
shall therefore retain only the first term in B. The differential equation for ¢(v,t) then takes the much

simpler form

) Lo 19 Folv,
ﬁ’t) 55 BV — (A—O)Jvas(v,twga[B|v|2—<A—O>1V*¢<V’t>+A£§aVVP

which is a Fokker-Planck equation for the phase space density ¢(v,t). It is often convenient to replace

(41)

the complex amplitude v by a real two-dimensional vector x, such that v = x; 4+ 15 and we have

9o(x,t) 2 0>
5 ZQ&EZA C — Bx*)z;0(x,t) + Aza2¢xt) (42)
Finally, we may re-scale the equation by putting
1 1/2 /
2B/A)Y*x =X
(2B/A)
and arrive at the following equation
0¢( *P(x, t)
:_Z&El a—x*)z(x,1)] +Z a:? (43)

where

A-C
(AB/2)12

This equation of motion is identical to the scaled Eq.(20) that was obtained from the semiclassical theory

= a

with additive noise, in which a is the dimensionless pump parameter. It follows that within the limits of
the approximations that were made, we may identify x with the scaled amplitude of the laser electric
field, and ¢(x,t) with its probability density. However, the quantized field treatment has the advantage
over the semiclassical one that no assumption about the strength of the quantum fluctuations is needed.
All scaling factors are well-defined in terms of the fundamental gain, loss and saturation coefficients
A B,C of the laser.
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