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In this set of lectures we will give an overview about the current knowledge concerning the

origin of black hole entropy in string theory. For some general references, see [1-4].

1. Lecture 1: General Aspects of Black Holes

Motivation

Studying black holes in string theory is important as a fundamental probe of string theory.
In the context of string theory the information paradox problem arising from Hawking’s
semiclassical calculation of the radiation spectrum of black holes is supposed to be solved
because string theory is a unified quantum theory of all interactions including gravity. In
this framework, a statistical mechanical explanation of black hole entropy may be possible.
The AdS/CFT correspondence is a conjecture in which we have an explicit realization in

principle of the information retention scenario.

The study of black holes is also important in applications of string theory, in particular
in the application of the AdS/CFT correspondence to strongly coupled thermal gauge
theories. These investigations already have led to many new recent developments, and we

can expect more.
General Aspects of Black Holes

We start with the Schwarzschild black hole metric in four dimensions,

2M dr?
d82 = — <1_7"> dt2+<742]\4+7"2d95. (11)
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In this metric the timelike Killing vector is %. This metric is the metric of a static black
hole. If we consider stationary black holes whose metric is time independent, but generically
has cross terms d¢dt corresponding to rotation stationary black, the timelike Killing vector

is generalised to

0 0
e=—4+Qp—, 1.2
at " og (1-2)
where (1 is the angular velocity of the horizon. Rotating stationary black holes have axial
symmetry, i.e. another spacelike Killing vector associated with an angular coordinate, and

furthermore, in four dimensions all known stationary black holes are at least axisymmetric.

A horizon is defined by null hypersurface, i.e. a hypersurface defined for example by an
implicit equation f(z*) = 0, with a normal vector n# = V# f which is light-like, n,n* = 0.
In this case n* is also tangent to the surface. If choosing lightcone coordinates u, v around
the horizon (put at u = 0, see figure 1), the unit normal vector would be n* = 1,n’ =
0,7 # u. The vector tangential to the horizon would be t¥ = 1, = 0,7 # v. Locally

around the horizon the metric would contain a piece dudv, which implies n,t* = 0.

For all known stationary black holes the horizon is a Killing

horizon

horizon, i.e. the normal vector coincides with the timelike
Killing vector, evaluated at horizon. Let €* be the timelike

Killing vector, then the horizon is at

ele, =0. (1.3)

€ can be used to define a quantity measuring the strength
Figure 1: Null Surface and

of gravity at the horizon, called surface gravity. The surface
Light Cone Coordinates

gravity & is defined as the covariant derivative of the norm

of ¢, evaluated at the horizon,

Vu(e'ey) = —2ke,,. (1.4)

As g,e" is constant along the horizon, its gradient (the covariant derivative), must point

along the unit normal vector to it, which is e itself. The factor of —2 is for mere conve-

nience. The surface gravity is in turn related to the Hawking temperature of the horizon
by

K

Tg=—. 1.5

H= o (15)

For the Schwarzschild black hole (1.1) one finds £ = (4MG)~! and Ty = (87 MG)~'. We

need to choose smooth coordinates at horizon to evaluate x. Once Ty and Qg are known,



the entropy is required to satisfy the first law of (black hole) thermodynamics,

SM = Ti6S + QuoJ < 65 = —gM — 2t (1.6)
Ty Ty

For the nonrotating Schwarzschild black hole (1.1), Qg = 0, so the entropy S = 4”(1}4 = 2—5’
actually fulfills (1.6).

Also, note that in stringy microscopic entropy computations it is not at all manifest why
entropy S should have anything to do with the horizon area. One way to show that the
entropy localizes to a term on the horizon is to use the Euclidean action. Let’s just consider

the Schwarzschild solution (1.1) for simplicity. We thus take
1

t—ir, T=74+06, [f=-— (1.7)
Ty

to avoid conical singularity at the horizon. These identifications come about as follows:

After the Wick rotation, the r — 7-part of the euclidean metric is

o dr?
f(r)ydr +f(7“)'

Expanding the Killing norm near the horizon

f) = f'ra)(r —ru),

and introducing a new coordinate

4

2 _
= f'(ra)

(T_TH)a

the r — 7-part of the metric becomes

/ 2
(f(;“H)> R2d72 + dR2.

This is the standard metric on R?, provided we identify the (angular) variable 7 periodically,

1 4
TN7'+ﬁ, ﬁ:?H:f,(TH)

In the semiclassical approximation, the euclidean path integral (the black hole partition

function) is dominated by
Z = Tre PH = ¢~ 1p=¢5-AM (1.8)

ie. S =—Ig+ M , where Ig is the Euclidean action. To see why S is related to the
horizon, we consider the p — 7 plane, which has topology R? (see fig. 2), with p = r — 2M,

going to zero at the horizon.



We need to compute the euclidean on-shell action. For this

t purpose, we introduce an artificial boundary of space-time,
P as otherwise on-shell actions might diverge when integrated
> over infinite space. The Einstein-Hilbert action with bound-

ary terms has the form

1 1
I=—— [ d°2ygR— — [ d°7'aVhTrK + Som(h).
167G / VIR—ga T Soam(h)
M oM

Figure 2: Near-Horizon (1.9)

Topology of Euclidean The second term is the York-Gibbons-Hawking term needed
Schwarzschild BH for a well-defined variational principle such that the metric
on the boundary dM fulfills Dirichlet boundary conditions. The extrinsic curvature of the

boundary is the covariant derivative of an outward pointing unit normal on OM,
IC‘L“/ — V#\y + Vy\y,, TI'IC - IC#M . (110)

The last term includes counterterms to cancel possible (large volume) divergences. It only
depends on the induced metric h at the boundary!, and thus does not contribute to the
equations of motion. Suppose we only integrate over a wedge of A7, see fig. 3. The solution
is static, i.e. time independent. Imposing Dirichlet boundary conditions for the boundary
metric is equivalent to choosing the metric as canonical coordinate ¢, and thus staticity
implies that ¢ = 0, as well as the on-shell Hamiltonian H being time-independent (equal

to the mass), and thus
Iwedge = /dT(pq + H) = MAT. (111)

Also note that we have to remember to include boundary terms, including one at tip of
wedge. If taking A7 = (3, i.e. integrating once around the 7-circle, there is the no boundary
at tip since the full space is smooth. So we should subtract the Gibbons-Hawking term at
the tip

Ipg = MB — Igu|hor - (1.12)

Comparing with (1.8) we find a connection between entropy and on-shell boundary action,
S = Iga|hor - (1.13)

For the Schwarzschild black hole we can easily calculate the extrinsic curvature K. The

Gibbons-Hawking term is then given by

Ton = ()11~ 200, <r2 . 2‘;”>

'In general it will depend on the boundary value of fields which satisfy Dirichlet boundary conditions

M A

S - (1.14)
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All that was said above holds for two-derivative gravity. In general, there will be a more
complicated version of Igg, which however still clearly leads to S as an integral over
horizon. The general result for a difeomorphism invariant theory is given by Wald’s formula

[5] (see also the review [6]),

S =2r / oL e ePo\hdSY, (1.15)
5 Rypo

Horizon

where €*” is the binormal to the horizon, i.e. ¢ = du A dv in the near horizon limit.
This formula obeys the first law of thermodynamics (1.6) by construction. One can also
show that it agrees with the Euclidean path integral approach. Fir extremal black holes,
i.e. with a near horizon geometry containing an AdSs factor, it can be shown to be
equivalent to Sen’s entropy function [7]. Note, however, that this formula is not valid for
theories with gravitational Chern-Simons terms, where the Lagrangian density itself is not

diffeomeorphism invariant, but only the action is.
Attractor Mechanism

A central tool for studying entropy of extremal black holes is

At
the attractor mechanism. In general, an extremal black hole

is specified by its charges, as well as the values of massless
scalar fields at infinity. Generically, these scalar fields have

nontrivial dependence as one flows towards the horizon. For

extremal black holes two things can happen: Some of the
Figure 3: Integrating over a

Wedge scalar fields in the theory might flow to values specified by

the charges only. Thus the black hole entropy will not de-
pend on asymptotic values of these scalars, which is a very nontrivial statement and is
tightly connected to the extremality of the solutions under consideration. For other scalars
which are not fields like this (e.g. a massless non-coupled scalar) one can show that the

entropy is independent of their values at the horizon, and hence at infinity. So in general,

Spu = Spu(Qr,¢'), (1.16)

where Qr are charges, and ¢! are scalar fields. Intuitively, if the ¢ dependence at infinity
would enter one could use this to violate the second law of thermodynamics, by imagining
physical processes like a pulse of the scalar fields under consideration falling into the black
hole which changes the scalar value at infinity while decreasing the entropy. The statement
of the Attractor Mechanism is that the entropy of a black hole does only depend on the

charges of the black hole, and not on the value of the scalar fields at all points in space-time.



Intuitively, this can be seen as a consequence of “no-hair” theorems: A classical black hole
without hair is only specified by it’s charges, and thus the entropy (being a semiclassical

quantity), should also be so.

In more detail these results are establishes as follows: Extremal black holes have near
horizon geometries, obtained by scaling r — er. In a wide variety of cases one can show
this geometry has an AdSs factor (i.e. has SO(2,1) symmetry). In four dimensions, for
example, the near-horizon geometry is always AdSy x S2. In favorable cases there a local
AdS3 factor. On the AdSsy scalars are constant by symmetry, 2-form field strengths take

the form

Fr = ¢reaqs (electric potential) , (1.17)

and given some compact space M, which is generically present in the near-horizon ge-

ometries, a p-form field strength can gave
Fl = PIEMp (magnetic charges) . (1.18)

Here €445 and €, denote the volume forms on the AdS factor and on the compact space,
respectively. One then evaluates the Lagrangian density with fixed ¢;, P! on the near-
horizon solution, with other data unspecified except through symmetry constraints. This

defines a function f via
2
I|0nshe11 = /d H?f

Sen’s entropy function is then the Legendre transform of f w.r.t. the electric charges

o1,
9f
091

From this function, equations of motion for the electric and magnetic charges, the scalars

S =¢r

and the relative radii of the AdS part and the compact part of the near-horizon geometry
can be derived by the usual Euler-Lagrange method. Upon solving them, it can be shown

that the extremum of S just yields Wald’s entropy (where this is applicable),

Sextremum = SWald .

The equations of motion either fix the other data in terms of ¢;, P!, or leave them un-
specified. Unfixed ones do not appear in the action density and so will not affect entropy.
Electric charges are related to ¢y by

of

1
Q NW:



so solutions are fixed by @!, P!. Then we have Spy(Q’, P!) by Wald’s formula, which

proves the Attractor mechanism.

Due to this result, one can determine Spy in region where the two-derivative approximation
is valid, in terms of the electric and magnetic charges. One can then adjust the asymptotic
moduli to a weak string coupling region, corresponding to microscopic black holes (in
general strong couplings imply large moduli and thus macroscopic black holes). But as
we know now, the entropy does not depend on the moduli (scalar fields), but only on the
charges, and thus the macroscopic black hole entropy can be interpolated to microscopic
regimes, at least for extremal black holes. In the microscopic regime the full geometry gets
highly curved, but unless there is some sort of a phase transition, the entropy formula will
continue to hold. In week coupling region it can be directly compared with a microscopic
counting, if available. Note that this line of argument does not use supersymmetry, so holds
for non-BPS extremal black holes. In this case, other quantities like the mass do change
as one adjusts the moduli, but entropy doesn’t. For the extremal black holes encountered
in string theory this formula simplified a lot, as we will see. For the nonextremal case,
however, nothing prevents the entropy to depend on the asymptotic moduli. However, for
the special case of the enlarged near-horizon isometry AdSs, it was possible to extend Sen’s

argumentation to near-extremal black holes.

2. Lecture 2: Black Hole Solutions to Five-Dimensional Supergravity

Overview of Relevant Black Hole Solutions

Black hole entropy is understood in string theory for asymptotically flat black holes preserv-
ing some supersymmetry (BPS black holes), as well as for some non-BPS and nonextremal
black holes related to the BPS ones. BPS black hole solutions are known in four and five
dimensions. In general, not much is known about the solution space of black holes in more
than five dimensions. For D < 5 there are various tricks for finding BPS solutions available
which do not extend to D > 6. In D = 5, one can have BPS black holes, black strings
and black rings. In D = 4 the situation is less rich: there are only non-rotating BPS
black holes, as well as multi-centered versions of those. Thus five dimensions are the most
fruitful arena to work, since it turns out that all four-dimensional BPS solutions can then
just be found by dimensional reduction (possibly on Taub-NUT). In this lecture we will

thus discuss the relevant D = 5 supergravity and its solutions.

A nice way to think about D = 5 supergravity is as M-theory compactified on a six-



dimensional manifold Mg. Different manifolds will preserve different amounts of super-
symmetry, see table 1. In eleven dimensions, there are M5-branes and M2-branes, which
can be wrapped on Mg to get charged objects in D = 5. The supersymmetry-preserving

possibilities are

e M2-branes wrapped on two-cycles, yielding a particle in five dimensions and

e Mb-branes wrapped on four-cycles, yielding strings in five dimensions.

Mg | T° | K3 x T2 | CYs We will thus be able to construct charged black hole

N =] 8 A 9 and black string solutions. The black rings can then

Table 1: Compactifications of M- be obtained by bending the string int o a circle and
theory and Preserved Supersymme- stabilizing it by giving it some angular momentum,

tries see fig. 4.
Five-dimensional Supergravity from Eleven Dimensions

To obtain the five-dimensional supergravity action, we first have to do a Kaluza-Klein
reduction of eleven-dimensional supergravity, which is straightforward. We start with the

eleven-dimensional supergravity action,

1 1
Siu=-5 [ d"zy/=g <R(H) + |F4\2> +
2KT, 2

1
12&%1

/Ag/\F4AF4, (2.1)

which is completely fixed by N' = 1 supersymmetry in D = 11. Fy = dAjz is the field
strength of the three-form gauge field, and |Fy|? = Fj,,, FF*0. R is the eleven-
dimensional Ricci scalar. Recall that electric and magnetic charges are defined by inte-

grating over spheres of appropriate dimensionality,

Qe = Quz X /*11F47 (2.2)
g7

Qmag = QM5 X /F47 (23)
S4

with %17 being the eleven-dimensional Hodge star. To reduce on the compact manifold

Mg, we split the metric naturally into
ds?; = ds? + dpggs” . (2.4)

Besides the five-dimensional metric, we will find a number of gauge fields and scalar fields
from the reduction. For the generic N = 2 case, the gauge fields come from reduction of

As, and the scalars come from the CY3 moduli, of which there are two types,



e Kahler moduli, which combine into D = 5 N = 2 vector multiplets and

e complex structure moduli, which yield D = 5 N = 2 hypermultiplets.

The hypermultiplet scalars are normally neglected in black hole physics. At least in two-
derivative gravity they are just constants by no-hair theorems, and thus decouple effectively,
a fact which is also eludicated by the attractor mechanism. We will thus neglect them in
the following. One example is the overall size of Mg, which we will just set to be a fixed

constant, which we choose to be Vol(Mg) = 1 in units of k%, = 272

To carry on, we expand the Kéahler form J on Mg in

a complete basis of (1, 1)-forms {J;r},

/ J=> M"J, I=1,...hY. (2.5)
J I

M are then the real Kihler moduli. The three-form

Figure 4: Black Ring Stabilised by
Rotation

gauge field can be expanded as

Az=> A'np, (2.6)
I
with A being five-dimensional gauge fields. The four-form field strength decomposes as

Fy=) F'AJL, (2.7)
I
yielding a collection of U (1) gauge fields in five dimensions. The eleven-dimensional Chern-

Simons term then reduces as

/Ag/\F4/\F4:/J[/\JJ/\JK/A[/\FJ/\FK:C[JK/AI/\FJ/\FK,
Mg Ms Ms

with Crjx being the “triple intersection numbers”. Three two-cycles in a six-dimensional
manifold generically intersect in a finite number of distinct points, which are counted by
Cryi. Also, since we set the volume of the internal manifold to one and the volume form
is given by J A J A J, we enforced the “real special geometry constraint” on the Kéhler
moduli,

Vol(Mg) = % / JNINJ = %CUKM[MJMK =1. (2.8)

Me

It is straigtforward to show that the kinetic term for the five-dimensional gauge fields is

generated by |F4|2, and the kinetic terms for the Kéhler moduli comes from R('V). Putting



all the pieces together, one arrives at the D =5 N = 2 action (k17 = 27?)

1 1
S5 = —13 d®z/1g] <R+ Gr0.M o° M7 + §G1JFJbF J“”)
s
C
n Qiig /AI AT A FK (2.9)
Mg
1 1
GIJ — 5 / J[/\*GJ] = §(MIMJ_MIJ) )
M

1
M = §CIJKMJMK, My = CryjxgM*.

Eq. (2.9) is the action of D = 5 N = 2 supergravity coupled to an arbitrary number of
abelian vector multiplets. Note that the fact that the metric on the scalar manifold, Gy,
is the same metric contracting the kinetic terms for the gauge fields, is forced upon us by
supersymmetry. It is also interesting to note that the whole action (2.9) can be derived
as the supersymmetric completion of the Chern-Simons term. As stated earlier, all known
asymptotically flat BPS black hole solutions can be embedded in this theory. Standard
examples like the D1-D5-P black hole can be obtained from these black holes by U-duality.
Note also that for the N' = 4,8 cases, one sets extra gravitino multiplets flat that need to

be taken into account.
BPS Black Hole Solutions

We now start searching for BPS black hole solutions. In D = 5 there are electric charges

1
QI:W/GIJ x5 F7 (2.10)
S3
and magnetic charges
1
pl = 53 FT. (2.11)
S2

Note that without the Gy, gf would not be a conserved charge. As we will see later, the
electric charges will be carried by electrically charged black holes, and the magnetic charges
by black strings. BPS solutions carrying these charges can be constructed in an elegant

fashion, following Gauntlett et. al. [8], which will be sketched now.

A general NV = 2 BPS solution preserves half of the supersymmetries, i.e. N = 1, and
thus must possess a globally defined, nowhere vanishing Killing spinor ¢, from which we
can form a vector &y%¢. This vector can be shown to be a Killing vector, either timelike or

null. The analysis of solutions is different depending on the timelike or null condition. We

~10 -



will for now restrict ourselfes to the timelike case, which yields black hole and black ring

solutions. The null case leads to magnetically charged black string solutions.
A general metric with a timelike Killing vector can always be written in the form
ds? = 1@ (L + w)? — e 2@ a5 (2) (2.12)

where we have chosen the time coordinate such that the timelike Killing vector is %. We
thus splitted the five-dimensional space into time and a four-dimensional base space B
with coordinates x and metric dsQB. Uy ,2 are functions on the base, and w is a one-form on
B. Supersymmetry restricts the base B to be a Hyper-Kéahler manifold, and enforces the
condition

Uy=U;=U.
Because of the Killing symmetry, the moduli can only depend on the base coordinates,
M (x), and the field strengths can be written as

Fl=d[M'e® (dt +w)] + 0. (2.13)

For the field strength to fulfill the Bianchi identity dF! = 0, the © have to be closed two-
forms on the base B. With these definitions, the BPS equations reduce to the following

three conditions:

of = —x 0!, (2.14)

1
\& (M[G_ZU) = QC[JK *yq (@J AN @K) , (2.15)
dw — x4dw = —e 2V M0, (2.16)

These equations have to be supplemented by the real special geometry condition (2.8).
After a choice of a Hyper-Kahler base manifold B, Eqgs. (2.14)-(2.16) define a system of
linear equations with sources: Finding an anti-selfdual closed two-form on B is a linear
problem, as well as solving the Laplace equation (2.15) on B with fixed right-hand side
(V is the covariant derivative on the base). One can then use the solutions of (2.14) and
(2.15) to fix the right-hand side of (2.16) and solve for w, which is again a linear equation
(in w). This is of course to be expected, as BPS equations generally are first-order linear

partial differential equations which imply the equations of motion of a system.

Given the structure of the BPS equations, it is not surprising that they can be solved in
terms of harmonic functions. The simplest example directly yields an electrical charged
nonrotating black hole: We require an electric field strength component to be switched

on, but ©! are two-forms on the base and thus can only give magnetic components to F,

- 11 -



so we can simply set ©f = 0. Furthermore, if w would be present, it would induce angular
momentum in the black hole metric through dt ® w terms, so we also set w = 0. Setting
both forms to zero is possible for example for the choice B = R*. In that case, we simply
set

dsts = dr? + r2dQ3 .

What remains to be solved is the Laplace equation (2.15), whose right-hand side vanishes

now. It thus can be solved in terms of harmonic functions on R*,
M[B_QU:H[:h[—I—%. (2.17)
r

To write down the black hole metric, one must invoke the real special geometry constraint
(2.8), which makes it possible to solve for U and M7 separately. However, one first needs
to find the M7 in terms of the M; by inverting the definition M; = %C’UKMJMK. Gener-
ically, this can not be done explicitly. An exception is T%, where the only non-vanishing

triple intersection numbers are C123 = 1 and permutations thereof. In this case, the solution

is simply
1
M= —|
My
and the special geometry constraint becomes
M'M?*M? =1.

In this case one finds the moduli in terms of the harmonic functions to be

—2U 1
—6U 1€ (H1HyH3)3

= H{HH M = = .
€ 1208 Hy Hy

The metric turns out to be like that of a five-dimensional Reissner-Nordstrom black holoe,

ds? = et gt? — ¢=2ulr) (dr* +1%dQ3) . (2.18)

The horizon is located at r = 0, and e2*(") ~ ’l’—; The value of [ is given as follows. Given

qr, we define ¢’ via

1
§CIJKC]JQK =qr. (2.19)
Then we have
1
1= gclequJqK- (2.20)
The black hole entropy is given by
1303
S=—2 =2, 2.21
e (2.21)

- 12 —



The moduli asymptotic value of M; goes between M; = h; at infinity and M; = ?—QI at
the horizon. This is an example of the attractor mechanism: The near horizon values are
independent of asymptotic values. Also, the entropy only depends on ¢y, not the asymptotic

moduli.

Note that to preserve asymptotic flatness, the boundary conditions for the Laplace problem
have to be chosen such that Mye 2V approaches a constant as r — oco. Also, even in this
simply example, one finds the attractor mechanism at work: At infinity, the moduli M7’
approach some constant values, which can be chosen freely, but they all flow to a fixed value
M = (qlngg)% /qr at the origin r = 0, where the horizon is situated. The near-horizon
values of the scalar fields are thus fixed by the charges of the black hole, not by its values

at infinity. The near horizon (r — 0) geometry of this black hole is

4

1
g (aes)d

ds? = Z
3 2
(q19243)3 r

dr? + (m%%)édﬁg ,

which becomes AdS, x S after a redefinition r?> = p. The AdS radius is related to the
three-sphere radius as [ 445, = lg3/2, and the whole geometry is independent of the moduli

at infinity, again confirming the attractor mechanism.

By turning on the one-form w while keeping ©! = 0, one can readily add angular momentum
and thus find rotating charged black holes. In general, by (2.16), one has to solve dw =
#4dw on the chosen Hyper-Kéhler base B. In the above case B = R*, the straightforward
solution is

dw = J(dz! A de? + dad A da?),

with J being the amount of angular momentum. In this case, the rest of the above anal-
ysis, in particular the spherical symmetry and the values for the moduli and U(x), stay

unchanged.

From the area of their event horizons, the entropy of both the nonrotating and the rotating
black hole are found to be (G5 = 7/4)

S =21\ qiq2q3 — J?.

Albeit of both solutions being supersymmetric and thus extremal, there is a maximal value
Jmazr = +/q1q2q3 for the angular momentum, above which the solution develops closed

timelike curves. For a general CY3 fold without rotation, one finds a generalised formula

1
Scy, = 2my/ gcijqquqK-

~13 -



Albeit of the rather straightforward construction of these solutions, the microscopic under-
standing for the general CYs-fold case in terms of string theory is still not known, except

of tractable examples with a high amount of supersymmetry such as T (see later).

Another, more general class of base manifolds which can be treated this way are Gibbons-

Hawking type bases, defined by
1

2 _ 5 2 0/ =2\ 72
dsp = (@) (dz> + x)” + H°(Z)di?, (2.22)
Vxx=VH'=0=V(Vxyx)=V2H (7). (2.23)
Here 2° ~ 2% 447 is the fourth coordinate of the base B, & € R3, and y is a one-form on the

base. By the condition (2.23), which follows from Ricci-flatness of B, the function H® has
to be harmonic (with isolated singularities). In fact, requiring U(1) x U(1) symmetry, the
base must be Gibbons-Hawking. If one thinks about z° as the Kaluza-Klein circle, x can be
viewed as the gauge field after KK reduction, and eq. (2.23) then shows that the singularities
of HY correspond to magnetic monopoles, so-called “Kaluza-Klein monopoles”. There

are several special cases:

1. H' =1, x = 0 yielding R3 x S!,

2. HY x = 0, blowing up at & = 0, which can be compensated by sending R, — 0,

_ 1
=&

yielding R?,

3. HY = L gives RY/Z,.

T
4. HO = 1+ % yields “Taub-NUT” spaces, which interpolate between R? x S! at
|| — oo and R*/Z, at small |#|. They have a cigar-shaped geometry (see fig. 5),

with a Z, singularity at the origin.

More general H? correspond to multi-center black holes, with the general rule that a
singularity of the harmonic function H corresponds to a center of a particular black
hole. In general, if H” is non-zero at infinity, the asymptotic 2° circle is of finite size and
thus the geometry is (including time) asymptotic to R3! x S1 yielding four-dimensional
asymptotically flat black holes after reduction on the S'. For five-dimensional asymptotics,

H? should tend to zero as |Z| — oo.

Note that the microscopic understandings of these black holes is quite poor, i.e. there
is no well-defined computation giving the entropy in general. There is an AdSs factor

in the near-horizon geometry, leading to a possible conformal quantum mechanics on the
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R3 x St

R*/Z, (smooth for p = 1)

Figure 5: Taub-NUT as an interpolating cigar.

boundary, but this has never been made precise. Or perhaps one should interpret the
SL(2, R) isometry group as matching that of a purely chiral CFT (see work of Sen and

Strominger during the past few months).

Suppose we consider the 76 or K3 x T? cases with N = 8,4 SUSY. In this case we are in
both shape. We can reduce M-theory on a circle S' C T2 to get type IIA string theory, and
then further dualize to IIB, living on 7% x S* or K3 x S! with the charges of a D1 —D5— P
system. This is the classic Strominger-Vafa setup [13]. The solution in this frame has a
near horizon geometry AdSs x S x (T%or K3). The AdSs combines with some of the 72
circles to give AdSs These black holes can be well understood microscopically via D1 — D5
CFT. The AdS3 factor is the main helping factor, but for 5D N = 2 black hole no such

help is available.

Other solutions

5D spinning BMPYV black hole

We can easily make the black hole rotating by changing Hy = 0 — ﬁ. This gives the
BMPYV black hole [14]. Note that the spatial rotation group in 5D is SO(4) = SU(2)p x
SU(2) g, and the BMPV solution has J;} = J, J3 = 0. The entropy is S = 2716 — J2 with
I the same as in the static case. Again we have a near horizon AdSs x S? geometry.
BMPYV black hole on Taub-NUT

We can add a T'aub — NUT term to BMPV black hole by taking

=)
<

Hozho—}—pi Hy=ho+ —

- (2.24)
E

This gives a rotating black hole on top of a Taub-NUT space. Reducing along the fifth-

dimensional S' S' gives a 4D black hole with electric charges g7. Also, the angular mo-
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Figure 6: Black Hole in a small Taub-NUT space.

mentum is given by gy = 2.J units of KK electric charge. p° becomes KK magnetic charge.

The entropy is given by

1
S = 277\/]9016 - Z(p0q0)2. (2.25)

Note that this solution is a nice illustration of the 4D-5D connection. By varying k" we
can adjust size of S'. When h” is small, i.e. the circle small, the black hole looks effectively
four-dimensional with electric charges g7 (cf. fig. 6). When h° is large, we have a 5D black
hole (cf. fig. 7). h° is a modulus at infinity, and we find the entropy of an extremal black

hole to be moduli independent,

Sip(qo,q1) = Ssp(J = %07(11), (2.26)

as expected. Both sides can be understood microscopically, but this statement does not

survive stringy and quantum corrections.

Five-Dimensional Black Rings

If one consider the harmonic function

T _
W= = e =1 (o m) B e

(2.27)

one finds black ring solutions in five dimensions. Here 7 is an arbitrary unit vector in R3.

The ring warps around the z° direction, which is topologically trivial. R is the ring radius.

The ring carries both electric charge and magnetic dipole charges. The latter are analogous

to a F1—string wrapped on a circle. The near horizon geometry is AdSs x S2, and the

entropy reads

S =2m\/16—J2 J = % + 13+ Plgh)2. (2.28)
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Figure 7: Black Hole in a large Taub-NUT space.

3. Lecture 3: Microscopic Counting of Black String Entropy in Five Di-
mensional Supergravity

Black String Solutions from Wrapped M5 Branes

Using the construction discussed above we are also able to construct black string solutions
by wrapping M5 branes on a four cycle of the compactified Mg. Since the M5 branes are
magnetically charged under the background A, field, these solutions in the dimensionally
reduced theory are magnetically charged black strings. The metric of these backgrounds

takes the form

4 1
ds? = o (dtda®) — 7 (H?)*"* (dr? + r2a)
Pl Yptew = Loy o nnx HI—hIer—I (3.1)
= 2p €52 =3 I1JK ) = , .

The magnetic charge of the solution is given the integral of the U(1) gauge field over the

two sphere. However, the above solution has zero horizon area and hence zero entropy.
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The near horizon limit of the metric can be obtained by putting H! = %, H? = 73, where

p® = 3;:Cryxp’p’p®. The metric will become
§2 = _Ar (dtdz®) — 1 (p3)2/3 (dr® + r?dQ3)
()3 472 2

which is a form AdSs x S2. In order to obtain a solution with finite horizon size we have

to add momentum gg along the black string. This procedure gives

4 1 2/3
2 _ 5 512 3 2 4 2702
ds = P (dtd® + Ho(dz®)®) — - (H?)™ (dr? + 12d03) .
P e m = Lo m S w4 P Hy—he+ Y (32)
2 ’ 3! ’ r 167

These solutions are supersymmetric and they have near horizon geometries

4r Qo 1 2/3
d52 = W (dtd$5 + 176']"(d$5)2> — @ (p3) / (d?“2 + TQdQ%) .

which can be factorized into BT'Z x S2. The entropy now can be computed using the

Bekenstein Hawking formula (here we use G5 = 7/4),

A 1
= ——— 2 —_— I J K . .
S prerimdl 3!CIJKP p/p" qo (3.3)

Microscopic Counting of Black String Entropy

The entropy of these black strings can be understood microscopically. The authors of
[10] studied M5 branes wrapped on generic four cycle and pointed out that these states
corresponds to a 1 + 1 dimensional CFT with (0,4) supersymmetry. The central charges

for the left and right moving sectors of the theory are

cr, = Cryxp'p’p™ + Cop’,, (3.4)
1
cr = Cryxp'p’p™ + 502,12?1 , (3.5)

label:central where C ; are the coefficients of the second Chern class of the Mg. From the
gravity point of view, the terms linear in p! are higher derivative corrections and we will
ignore them for the time being. The entropy in a conformal field theory can be related to

the central charge through Cardy’s formula [9]

Cl, Cr, CR , ~ CR
=omy ) E(Ly — Ly v om [ By - 2B .
§=2m\ (Lo —5,) +2my [~ (Lo— o) (3.6)

The formula is valid at asymptotically high temperatures. The black string solutions dis-

cussed in the previous section are supersymmetric and thus correspond to having momenta
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excited in the left moving sector which is the non-supersymmetric side of the CF'T. With the
identification of go = Lo — 5, we can see an agreement between the microscopic counting

of entropy on the CFT side and the Bekenstein Hawking formula.

Suppose we instead excite momenta on the right moving sector of the conformal field theory,
we will break all supersymmetry. This corresponds on the gravity side to flipping the sign of
the momentum ¢gg. The black string solutions obtained this way will be non-BPS. However,

we can still get agreement between the two ways of accounting of the entropy:

CL
Sgrav = Smicro = 277'“ E|q0| .

More generally, we can excite both the left and the right movers and still get agreement

sufficiently near extremality and the entropy formula is

S = 2m/%hL+2m/%hR (3.7)

go=hr —hgr

In fact, agreement persists even when higher derivative corrections are present in the super-
gravity action ( the entropy is not given by the area formula anymore) and the appropriate
terms with cp ; are included in expressions for the central charges. The five dimensional
black string solutions obtained through dimensional reduction from M theory provide us
with a nice example of how entropy associated with black objects can be accounted for mi-
croscopically using CFT. It is sometimes argued that black hole entropy counting amounts
to counting BPS states and that agreement is achieved because BPS states are protected by
supersymmetry in going from weak to strong coupling. The fact that the entropy formulas
still match when higher derivative corrections are included even though the solutions are

not BPS suggests other mechanisms are at work to ensure the agreement.

One especially interesting special case is when we take Mg = K3 x T2 and wrap the M5
entirely on the K3. At weak coupling, this can be thought of as ITA string theory on
K3 x S', which is S-dual to the heterotic string on the 7% x S* . The K3 wrapped M5 can
be thought of as a fundamental heterotic string on S' . With this setup, only one of the p’
is non-vanishing and since C7jk is totally antisymmetric, the leading contribution to the

central charges vanish identically leaving only the correction turns terms:

cr, = Cyrp! = 24N, (3.8)
1
CrR = 5027”91 = 12N, (3.9)
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where NN is the number of M5 branes. This agrees with the world sheet content of heterotic
strings. Specifically, in the left moving sector we have 24 physical bosonic degrees of
freedom and each of them will contribute an amount of one to the central charge ¢;. The
right moving sector contains eight bosons and eight fermions. The bosons again carry one
unit of central charge each, while the fermions carry one half unit. This makes in total

cR=12=8+4.

In the supergravity limit the solutions corresponding to the wrapped heterotic strings are
singular at the two derivative level, but higher derivative corrections resolve the singularity

and yield some geometry.

Near Horizon Physics As we reviewed, the black holes/black strings in question have a
near horizon factor AdSs or AdSs, and this fact is essential to our understanding of their
microscopic descriptions. For example, it is the basis of the attractor mechanism, as we

will see.
Gravity in AdS;

Here we have excellent control. In fact, if we look at the cases where we have successfully
matched the entropy there is always as AdSs factor present. This includes the 5D black

string discussed above. At a basic level, AdSj3 is a solution of

1 2
I=— [ & — =) +1
167G / 13\/§(R 52) + bndy »
reading
1

r2
52

2
ds? = (1+ %)dﬁ +- dr? + r2dg?. (3.10)

AdSs is a homogeneous space with maximal symmetry, and the isometry group is SL(2,C) ~
SL(2,R)r, x SL(2,R)r. The BTZ black hole is a particular quotient of AdSs by an element

of the isometry group. To see this, consider the AdS3; metric written as
ds® = dXZ +dX? —dX3 — dX3, (3.11)
embedded as an hyperboloid described by the equation
X2+ X2 X2 _X2=_1% (3.12)

If there is a group element g € SL(2,R) with det g = 1, we write it as

(3.13)

1 X+ X X5 — Xo
IZ0\ Xa b Xo X1 = X |
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We can use g to generate the AdSs; metric by
dsass = —L*Tr(g™ dgg™ ' dg). (3.14)
SL(2,R); x SL(2,R)g acts by conjugation on itself,

9= PLIYPR;

which leaves ds% 5 invariant. However, because of the left (and also right) action of
the group on itself g — grg, both matrices pr r are only defined up to conjugation,
pL ~ ggl prgr- The BTZ black hole is then obtained as a quotient of AdSs by some of its
isometries, i.e. by identifying

9~ PLIPR (3.15)

where both py and pr are only defined up to conjugation. SL(2,R) has three conjugacy

classes labeled by the trace of the matrix g,

e |Trg| > 2, called hyperbolic,
o |Trg| = 2, called elliptic, and

e |Trg| < 2, called parabolic.

These three isometries correspond to, respectively, Lorentz boosts, rotations, and null
rotations of Minkowski space. The BTZ black hole is obtained by an identification of AdSs3
under Lorentz boosts, i.e. we choose the hyperbolic conjugacy class. In that class, pr r

can be written in simple diagonal form,

6271'2T+ 0 627{'2T_ 0
PL = ( 0 67271.2T+ 5 PR = 0 e*Zﬂ'QT_ . (316)

Ty are the left- and right-moving temperatures, corresponding to the left- and right-moving
sectors of the dual CFT. We now show that the identification (3.15) can be implemented

onto a solution of (3.12), if choosing coordinates as

TQ_T—z&-iT T =12 T
X1 :tXQ =/ ﬁe m(Tyus+T-u-) N X3:|:X0 =/ ﬁe m(Truy —T-u-) . (317)
7’+ —Tr- T'+ —Tr-

Here ry = wl(T1+T-), ux = ¢+t. The identification (3.15) then corresponds to identifying
¢ ~ ¢+ 27. In terms of the locations of the inner and outer horizons r, the Euclidean
solution is

1
f(r)

r4r—
Ir?

ds* = f(r)dt* + dr® 4 r*(de + i dt)? (3.18)
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r2 —r2)(r2 —r2
iy = T

The general rotating BTZ black hole has two horizons, the event horizon r1 and the inner

(3.19)

horizon r_. Its mass and angular momentum are found to be

r2 412 Tor_
M=+ = J=-—T—
8GY2 2G¢

The event horizon has Bekenstein—Hawking area law,

,/ (Ml +J) + 27 ME J). (3.20)

The central charge is found according to Brown and Henneaux [11],

3¢
c=5q (3.21)

Now in string theory we expect various higher derivative corrections to the action. However,
we expect that AdSs will still be a solution since it is naturally symmetric. Only the formula
for the scale size ¢ will change. Similarly, the BTZ solution will then be a solution since
it’s just a quotient of AdSs. On the other hand, the mass, angular momentum and entropy
of the black hole will be modified.

The way to handle this is to make use of the full symmetry of the problem. One central
point is that quantum gravity on AdS3 necessarily has the symmetries of a 2D CFT, i.e.
the left- and right-moving Virasoro algebras [11]. The best way to show this is to define the
stress tensor and show that it has the properties expected. For obtaining the stress tensor
of asymptotic AdSs on the boundary, we can use the Fefferman-Graham expansion [12]

(every order of the expansion is decreased by a factor e/¢)

gij = 6277/5%(?) 4 gg) 4. (3.22)

to rewrite the AdSs metric, which looks like (for n — c0)

ds* = dn? + eQn/égi(]Q)dxidxj + gg)dxid:vj + e (3.23)

Here g% is the conformal boundary metric. The stress tensor is defined in terms of the

action as the variation with respect to the conformal boundary metric,

51 = / &2 /g " T84 . (3.24)

In fact, the two-dimensional conformal group describes asymptotic symmetries which are

)
i
is the Einstein-Hilbert action in three dimensions with cosmological constant,

1 5 2 1 ) 1 / )
= — — == TrK — . 2

diffeomorphisms leaving g;.” invariant. Up to the two derivative level, the relevant action
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The last two term are needed for a well-defined variational principle (the York-Gibbons-
Hawking term) and to make action finite (a boundary counterterm). At the boundary

(n — 00) one obtain the AdS3 boundary stress tensor

Ty = (95 — (Trg™)gy)) (3.26)

by varying the above action and plugging in the Fefferman-Graham expansion. It is also

possible to compute the central charge (here ¢, = cg automatically).

The easiest way to obtain central charge is to extract it from the trace anomaly,
- c
T} = ———R(9'?). 3.27
=~ 5 R (3:27)
According to this formula, the action transforms under a Weyl transformation of ¢(?,
(5gg.)) = 2g§?)5w, as

_ 1 <

o1 = 3 / 2 /g 0T 64 = % / 2\ /g 0T (29 6w) = — o / 4?2/ R 53.28)
7'['

If dw is a constant, and the boundary is S?, we have

oI = —gdw. (3.29)

Now, to compare against the gravity computation, AdSs can be written as
ds* = 0*(dn* + sinh? ndQ3), (3.30)
thus
© 005 oo
g;; dz'da’ = ZdQQ. (3.31)

The gravitational action on this background is divergent due to the ﬁ i d3$\/§(R — e%)

term, as R = e% on-shell. Putting in a large n cuttoff we find

Laiv = —%nmam. (3.32)
We would need to add another counter term to cancel this, but this counterterm would then
depend explicitly on 7mqz, and thus break diffeomorphism invariance. This contribution
is thus the sought-for conformal anomaly. The on-shell action will transform under a
diffeomorphism n — n 4 dn, as d1 = —%577. Thus, from the form of the conformal
anomaly (3.29), we see that this is equivalent to a conformal transformation dw = é7, and
thus we can read off the central charge

3¢

= (3.33)

Cc
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This is the Brown-Henneaux central charge formula [11], which they obtained by a different
route, namely by identifying asymptotic symmetries in the Hamiltonian formulation of
2+1-dimensional gravity. The advantage of the present derivation is that it generalizes to
arbitrary theories including higher derivatives, where the constraint analysis needed for the

Brown-Henneaux analysis might not be straight-forward.
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